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1. Introduction. It has been known for some time that there exist relations be- 
tween the transmitting and receiving properties of antennas. Such a relation was first 
established by Carson,! and results of like character have been given by Ballantine? 
and Sommerfeld.* Mention may also be made of discussions by Slater* and Schel- 
kunoff.§ 

When critically examined, however, both the statement and the proof of the re- 
sults claimed leave much to be desired from the point of view of preciseness and 
rigour. Without attempting a detailed criticism of previous discussions of the subject, 
it appears to the writer that such discussions are all open to at least some of the 
following objections. 

(1) Results proved for circuits—e.g. Thévenin’s theorem—are assumed without 
proof to apply to antennas. 

(2) The boundary conditions to be satisfied at the antenna by the field quantities 
are not precisely stated. 

(3) No distinction is made between an antenna acting as receiver, with connected 
load impedance, and one acting as a parasite. 

(4) The “impressed voltage” is introduced in an unsatisfactory manner which 
is not consistent with Maxwell's equations. In particular, no account is taken of the 
“gap.” 

(5) “Reciprocal theorems” proved for two antennas are assumed to establish 
results relating to the transmitting and receiving properties for a single antenna. 
Clearly, it should be possible to establish such results without referring to a second 
antenna at all. 

(6) The antenna is treated as an infinitesimal Hertzian dipole, which is an un- 
necessary and unwarranted simplification (this applies to Sommerfeld’s* work). 

In this paper, a discussion of the subject is presented which, it is believed, is more 
thorough and rigorous than any hitherto given. In Sec. 2 a rigorous formulation, in 


* Received Dec. 26, 1946. 

1 J. R. Carson, Bell System Tech. J., 3, 393 (1924); 9, 325 (1930); Proc. I.R.E., 17, 952 (1929). 
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Frank-Mises, Differentialgleichungen der Physik, Rosenberg Publ. N.Y.C., 1943, vol. II, 7th ed., p. 576. 
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terms of field theory, of three fundamental mathematical problems associated with 
an antenna, namely those of a transmitting, parasitic, and receiving antenna, is given, 
it being assumed that the antenna is perfectly conducting. The surrounding medium 
may be of a very general (linear) type. Attention is confined throughout to a steady 
state with a definite frequency. In Sec. 3 it is shown that of the three problems men- 
tioned, one, namely that of reception, can be solved very simply in terms of the solu- 
tions of the other two. Incidentally, a rigorous proof of Thévenin’s theorem for an- 
tennas, without any appeal to circuit theory, is given. In Sec. 4 it is shown 
further that there is a connection between the transmission and parasite problems 
which, effectively, enables us to solve the latter problem (and hence also the reception 
problem) once the former has been solved. An application is made to the case where 
the whole medium is homogeneous and isotropic, and in particular to a linear antenna 
in such a medium. 

In Sec. 5 reciprocal relations between two antennas are discussed. These are of 
the usual type, though it is believed that they are somewhat more precisely stated 
than is usually the case. An apparent contradiction of the reciprocal relation which 
has been put forward by Ballantine* (originally in criticism of Sommerfeld’s*? work) 
is here briefly dealt with. In Sec. 6 the question is discussed as to whether the direc- 
tional properties of an antenna, as exhibited by a polar diagram, are identical] for 
transmission and reception. Adopting a reasonable definition of “polar diagram,” it is 
concluded that the identity of the polar diagrams does not hold in general, although 
it does so (at least approximately) in cases which are likely to occur in practice. In 
Sec. 7 the results are extended to cover the case where the antenna is imperfectly con- 
ducting. In an appendix a theorem of Lorentz, which is used in the course of the work, 
is extended to the case where the medium is anisotropic. 

The results of Secs. 4 and 5, and subsequent results based on these, involve a cer- 
tain approximation; but the errors involved would be negligible in practical cases. 

2. The three mathematical problems associated with an antenna. We shall con- 
sider the antenna to be perfectly conducting, though this restriction will be removed 
in Sec. 7. The surrounding medium will be supposed to be characterized by linear 
constitutive relations so that the field equations are all linear. These relations need 
not, however, unless the contrary is stated, be of the usual isotropic type. We may 
suppose that the medium is crystalline and is characterized by symmetric dielectric, 
permeability and conductivity tensors ¢;;, “ij, ¢;; whose components are arbitrary 
functions of position. Further, these tensors may have arbitrary surfaces of discon- 
tinuity.* We shall confine ourselves to a steady state solution in which all field 
quantities vary with the time according to the factor e~*‘, this factor being omitted, 
and we shall employ Gaussian units throughout. 

We shall, for the sake of generality, consider an “antenna” to be any closed per- 
fectly conducting surface; usually this surface will, of course, take the form of a wire 
or system of wires. Since the antenna is perfectly conducting, the tangential com- 
ponents of E vanish everywhere on the antenna surface except where there is an 
impressed (or induced) E.M.F. or “voltage.” Such voltages occur when the antenna 
is acting as a transmitter or receiver, but not, of course, when it is acting as a parasite. 
To treat the case where there is a voltage in a reasonably simple manner which en- 


6 There may also be perfect conductors in the surrounding medium (¢= ~). This case can either 
be treated as a limiting case or considered ab initio. 
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ables us to dispense with the connecting circuit (as is always done in such cases), 
we shall ignore the connecting circuit, but suppose that there is a small “gap” on the 
antenna surface where the transmitting or receiving circuit is connected.’ The com- 
ponent of E across this gap does not vanish,. but rises to a large value, in such a way 
that the integral of this component taken across the gap defines the voltage. The 
component of E “round” the gap, on the other hand, may be supposed to vanish. 
This “model” is, effectively, that which has been adopted by Stratton and Chu for a 
perfectly conducting (spherical or spheroidal) antenna,® a detailed discussion of 
which has recently been given by Infeld.® 

With an ordinary antenna in the form of a wire, there will be no difficulty in 
picturing this gap. To include the case where the antenna is of any shape, however, 
we shall define the gap more precisely as a por- 
tion of the antenna,surface bounded by two 
closed curves which are close together. We take 
two orthogonal families of curves in the gap, the 
two curves bounding the gap being members of 
one family. At any point of the gap two direc- 
tions are thus defined, which we may refer to as 
“across the gap” and “round the gap.” Let these 
two directions be denoted by s, s’ respectively, 
related in such a way that a right-handed rota- 
tion from s to s’ takes us along the inward nor- Fic. 1 
mal to the antenna surface. This picture of an 
antenna with a gap is illustrated on an exaggerated scale in Fig. 1. 

By the “transmitting impedance” of an antenna, we shall mean, quite generally, 
the ratio of the current across the gap, or, more precisely, the current across one of 
the curves bounding the gap (and which we shall refer to simply as the “current at 
the gap”), to the impressed voltage (the positive sense of the current being the direc- 
tion of voltage rise). This impedance will, in general, depend on what may be termed 
geometry of the gap (width, curvature, etc.)!° and also on the details of the applied 
field, i.e. different applied fields, even with the same gap and the same voltage, may 
give different impedances. It is reasonable to assume, however, that, within certain 
limits as to the size of the gap," the impedance is very nearly independent of the gap- 
geometry and of the details of the applied field, depending only on the position of the 
gap on the antenna surface. This is the situation which is usually tacitly assumed in 





engineering practice. 

7 It may be noticed that, in order to apply this concept in some cases, it may be necessary to extend 
the “antenna surface” beyond what is usually thought of as constituting the antenna. In the case of an 
antenna protruding through the wall of a wave-guide, for instance, the walls of the guide must (at least 
without further analysis) be treated as forming part of the antenna. 

8 J. A. Stratton and L. J. Chu, J. App. Phys., 12, 241 (1941). These authors are only concerned with 
a transmitting antenna, but the same procedure can obviously be adopted for a receiving antenna. 

® L. Infeld, Quart. Appl. Math. (appearing shortly). 

10 | am indebted to the referee for emphasizing to me that fact that impedance may depend on gap- 
width 

11 The gap must not be too small, for, as gap-width tends to zero, the investigations of Stratton and 
Chu (ref. 8) and Infeld (ref. 9) show that the reactive component of the current at the gap tends to 
infinity. On the other hand, the gap obviously must not be too large, or the details of the applied field 


become of importance. 
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It is not the purpose of this paper to investigate the conditions under which this 
“practical” case may be realized. The results to be proved, however, hold whether it 
is realized or not (the approximations made in Secs. 4 and 5 merely require that the 
width of the gap be not too great in order that they may be valid). 

When the antenna is receiving, we have, similarly, an “induced voltage” and a 
“current at the gap.” When the antenna is acting as a parasite, there is, of course, no 
gap. Since the same antenna may be imagined to act as a transmitter, parasite, or 
receiver, we shall, however, speak of the “current at the gap” even in the parasite 
case. By this we shall mean the current at what becomes the gap when the antenna 
acts as transmitter or receiver. Alternatively, we may regard the parasitic antenna as 
a special case of the receiving antenna when the gap is “filled up” (corresponding to 
zero load impedance). 

We shall now formulate the three mathematical problems associated with an 
antenna as follows: 

Transmission problem. We require a solution of Maxwell’s equations in the region 
outside the antenna surface which satisfies the following conditions: 

(1) On the antenna surface the tangential components of E vanish except in the 
gap, where the following relations must be satisfied: 


E, =0 


f E,ds 


where the integral in (2) is taken across the gap and V is the applied voltage, which 
is supposed given (the integral is, of course, supposed to have the same value wherever 


(1) 


~ #, (2) 


Il 


it is taken across the gap). 

(2) In the surrounding medium, the tangential components of E and H are con- 
tinuous across any surfaces of discontinuity of the tensors €;;, wij, 0:;- 

(3) At infinity only outgoing waves are present.” 

Parasite problem. We are given an incident field (whose source is assumed to be 
unaffected by the presence of the antenna). We require a solution of Maxwell's equa- 
tions for the total field (incident plus scattered) which satisfies the following con- 
ditions: 

(1) On the antenna surface, the tangential components of E vanish everywhere. 

(2) Same as condition (2) in transmission problem. 

(3) At infinity, the field must reduce to the incident field together with only out- 
going (or damped) waves. 

Reception problem. We are again given an incident field. We require for the total 
field a solution of Maxwell’s equations which satisfies the following conditions: 

(1) On the antenna surface, the tangential components of E vanish except in the 
gap, where the following relations must be satisfied 


Ey = 0, (3a) 


f E,ds = ZI, (3b) 


12 If the medium is conducting, the corresponding condition is that the field must be space-damped 


at infinity. 
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where J is the current at the gap and Z, is the load impedance, i.e. the impedance at 
the gap looking into the connecting circuit, We regard Z,, as given. 

(2), (3) Same as (2), (3) in parasite problem. 

In accordance with what has already been said, the transmission problem, as 
formulated above, has not, strictly speaking, a unique solution. Instead of specifying 
the applied voltage V, in condition (1), we must specify the whole applied field E, (a 
dependence of the solution on gap-geometry does not, of course, affect the uniqueness 
of solution).-Again, in the reception problem, it is not sufficient to specify the load 
impedance Z,. To make the problem determinate we must specify something as to 
the nature of the field E, within the gap. But any such possible indeterminancy in 
the solution of the transmission or reception problems is immaterial for our purpose. 

In the case of the parasite problem, there is no gap and no question as to the 
uniqueness of solution arises. 

3. Solution of the reception problem in terms of the solutions of the transmission 
and parasite problems. Thévenin’s theorem. It is now easy to show that the recep- 
tion problem for any antenna can be solved very simply once the transmission and 
parasite problems for the same antenna have been solved, it being assumed that the 
gap is the same for the transmission and reception problems, and that the incident 
field is the same for the parasite and reception problems. 

Let (E;, H,) be the total field (incident plus scattered) in the parasite problem, and 
(Es, H.) the field in the transmission problem when there is unit applied voltage (or 
one such field in the case where the transmission problem is not uniquely determined 
by specifying the voltage). Then a field which is a linear combination of these two 
fields of the form 


E=E,+aE, H=H,+cH,, (4) 


where @ is a properly chosen constant, gives the solution of the reception problem 
(or a solution, if there is more than one). 

For, in the first place, this field is a solution of Maxwell’s equations, since all 
equations are supposed linear. Again, taking account of the conditions satisfied by the 
(E,, H;) and (Es, He) fields, it is evident that conditions (2) and (3) of the reception 
problem, and also condition (1) except in the gap, are satisfied. Further, in the gap 
we have, bv virtue of the conditions satisfied there for the (E,, H,;) and (Es, H2) fields: 


Ey = 0, (5) 


f E,ds = af E:,,ds = — a, (6) 


while the current at the gap for the (E, H) field is given by 
T=1],+ al, = 1,+ a@/Z7, (7) 


where J,, Jz are the currents at the gap for the (E,;, H;), (Ex, H:) fields respectively, 
and Zr is the transmitting impedance of the antenna as defined in the previous sec- 
tion (in the general case, we would have to say the transmitting impedance for the par- 
ticular applied field chosen). From (5), (6) and (7) we see that condition (1) of the re- 


ception problem is satisfied in the gap if a=Zz,(I,;+a/Zr), or 


a= — Z2,2Z7rh,/(Z1, + Zr). (8) 
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Hence (4) gives the solution of the reception problem in terms of the solutions 
of the transmission and parasite problems, since (8) determines a in terms of known 
quantities, Z7 being known from the solution of the transmission problem, J, (the cur- 
rent at the gap in the parasite problem) from the solution of the parasite problem, and 
Z1, being one of the data of the reception problem. We thus see that the solution of 
the reception problem as formulated in the previous section is unique if, with the given 
gap, the transmitting impedance Zr is uniquely defined. 
In particular, we find from (7) and (8) for the current at the gap in the reception 
problem 
T =2Z71\/(Z, + Zr), (9) 


where J, is the current at the gap in the corresponding parasite problem. Hence the 
voltage which appears across the gap in the reception problem is 


V = — ZI = — 212Z711/(2. + Z7). (10) 


The results (9) and (10) show that Thévenin’s theorem, suitably interpreted, holds 
for an antenna. It may be remarked that these results are rigorous with the assump- 
tions here made and apply formally to an arbitrary gap provided that the impedance 
Zr be understood in the general sense already explained. 

4. Connection between the transmission and parasite problems. We have shown 
in the previous section that the reception problem may be solved very simply in 
terms of the solutions of the transmission and parasite problems. We shall now estab- 
lish a connection between the transmission and parasite problems. To be precise, we 
shall show that if the transmission problem has been solved, then the current at the 
gap in the parasite problem can be found, provided: (1) the incident field can be replaced 
by the field of an equivalent Hertzian (infinitesimal) dipole, (2) the medium, in the neigh- 
borhood of this dipole, is homogeneous and isotropic, being characterized by a dielectric 
constant €, permeability u and (possibly) conductivity o. These restrictions are prac- 
tically always satisfied in practice. At some distance from the source of the incident 
field, this field is the same as that of an appropriately chosen Hertzian dipole (or a 
superposition of such dipoles) and it is only the incident field in the neighborhood of 
the parasitic antenna which is of significance for the satisfaction of the boundary 
conditions in the parasite problem. Again, the medium can always, at least to a 
sufficient approximation, be treated as homogeneous and isotropic in the neighbor- 
hood of the equivalent Hertzian dipole. 

Thus we can determine the current at the gap in the parasite problem when once 
the transmission problem has been solved. The results (9) and (10) then give the 
current at the gap and the voltage across the gap in the reception problem (with the 
same incident field). By varying the gap in the transmission problem we can de- 
termine the current distribution everywhere in the antenna in the parasite problem." 
Knowing this, it is usually possible to completely determine the field in the parasite 
problem (and hence also in the reception problem). Thus we may say that a complete 
solution of the transmission problem furnishes also a complete solution of the parasite 
and reception problems. However, in the reception problem, it is usually only the 
voltage induced across the gap which is of interest. 








13 This statement requires some modification in the case of an antenna of arbitrary shape, since what 
is actually furnished is the current across a closed curve on the antenna surface. For the usual case of an 


antenna in the shape of a wire, however, the statement remains true. 
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We shall now establish the result stated above, namely, that a solution of the 
transmission problem furnishes also the current at the gap in the parasite problem 
under the conditions stated. Our method of analysis is here similar to that of Sommer- 
feld,* except that we deal with a real antenna and a (fictitious) Hertzian dipole, 
whereas Sommerfeld considered two Hertzian dipoles. Our point of departure is the 
reciprocal theorem of Lorentz,'* which may be stated as follows: If (E,, Hi) and 
(Es, He) are two Maxwellian fields which have no singularities in the region external 
to any number of closed surfaces U, and which both give only outgoing (or damped) 


waves at infinity, then 
f (E; x H2),.dS = (E, x H;),dS, (11) 
U U 


where » denotes (say) the outward normal to the surfaces U. The result (11) applies 
if the medium outside the surfaces U is of the general linear type specified at the 
beginning of Sec. 2. It was proved by Lorentz for the case of an isotropic medium, 
but the extension to the case of a crystalline medium is easily made; this is shown in 
the appendix. 

Now let A denote the antenna surface (Fig. 1) and S a small sphere of radius r 
whose center is the point P where the equivalent Hertzian dipole is situated (Fig. 2). 


S E » 





V 6 


LS) 
~ 








Fic. 2 Fic. 3 
Also, let (E,, H,) denote the field (or a field) when the antenna is transmitting with 
unit current at the gap and no dipole is present at P, and (Ez, Hz) the field when the 
dipole at P is transmitting and the antenna is acting as a parasite. Then, from (11), 


we have 


A+S 


f (E, X H:),dS -f (E, X Hy) dS, (12) 
A+S 


when denotes the outward normal to A or S. 
On using the boundary conditions satisfied by the (E2, Hz) field, we have at once 


fa x H,),dS = 0. (13) 
i 


‘H. A. Lorentz, Amsterdamer Akad. van Wetenschappen 4, 176 (1895). 
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To calculate the other integral over A in (12), we introduce orthogonal curvilinear 
coordinates (£,7) in the gap, the curves 7 =constant being in the “s”-direction, and 
the curves =constant in the “s’” direction (Fig. 1). Let the line element in the gap 


be 
ds? = hy(&, n)d&* + ho(é, n)dn?. 


Then, taking account of the boundary conditions satisfied by the (E;, H;) field, we 


fa x H.),dS -ff E,,¢H,,hyhodtdn, 
1 


where the double integral is taken over the surface of the gap, and the limits for &, 7 


have 


are constants. 

We shall now assume that we can neglect the dependence of He2,. and ho, or at 
least of the product He ,»h2, on & This amounts to neglecting the variation of the 
current density across the gap when the antenna is acting as parasite, and to neglect- 
ing the width of the gap in comparison with the radius of curvature of the s-curves. 
The former involves an error which would usually be of the order w/\, where w is 
the width of the gap and Ad the wave-length. The latter involves an error of the order 
w/R where R is the radius of curvature of the s-curves. 

With this assumption we now have 


fa X H.),dS -{ Ex.chnde- J Hahn 
A 
J eas f Ho,.ds', (13a) 


where the first integral in the last expression in (13a) is taken across the gap and the 
second integral is taken round the gap along any one of the s’-curves. The first integral 
is equal to the voltage across the gap when the antenna is transmitting, while the 
second integral (since the antenna is perfectly conducting) is equal to 4/c times the 
current at the gap when the antenna is acting as a parasite (the difference between the 
currents across any one of the s’-curves is neglected, according to our assumption). 
Remembering that in the (E,, H;) field, the applied voltage is assumed to give unit 


current at the gap, we thus finally have 


dr 
f (E, x H.),dS = = Zr, (14) 
A ; 


c 


where Zr is the transmitting impedance of the antenna, and J, is the current at the 
gap in the (E2, Hz) field. 

We shall now calculate the integrals over S in (12) when we proceed to the limit 
r—0. For this purpose, let us take axes (Fig. 2) with the origin at P, and the z-axis 
in the direction of the axis of the dipole. Then, since the medium is supposed to be 
homogeneous and isotropic in the neighborhood of P, we have for the (E2, Hz) field 
on the sphere S, correct to terms of order 1/r’: 

Eo,. = 3Mzx/r', Eo, = 3Mzy/r, E2,,=M (= we ), | 
; (15) 


2, rs r3 


Ho, = ike’'My/r*, Hey = — ike'Mx/r®, Hos = 0, 
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where 
k = w/c, é = €+ 4ria/w, (16) 


and M denotes the strength" of the dipole. We thus see that Ez: is of order 1/r', 
whereas Hp is of order 1/r?, on S. Hence, to calculate the limit of the integrals over 
S occurring in (12), it is sufficient to put 





Ei = (Ei)p, (17) 
but it is mot sufficient to put Hi=(H,)p. We must, instead, put 
OH, OH. OH, 
tam de + oH) + 928) 4 (2), 
Ox Jp Oy Jp Oz Jp 


with similar expressions for J7,,,, H;,2. 

Using (15), (17), (18), the calculation of the integrals over S is straightforward 
and similar to the corresponding calculations of Sommerfeld,’ except that he omitted 
to take account of the variation of H, over S (in our notation), as expressed by 
(18)."° We thus find that, as r-0, 


> 


f (E, X H,),.dS = rs mike’ M(EF,,2)p, (19) 
4 OH ,y OH, 4 

{ (E, X H,),dS = — «rM — — — ~*) = — — wike’M(E,,;)p. (20) 

7 § 3 0 x oy I 3 


The last step in (20) follows from the Maxwell equation 
curl H, == ike’Ei, 


which, by supposition, holds in the neighborhood of P. 
Substituting (13), (14), (19), (20) in (12), we now have 


Zrly = iwe’ M Ea, (21) 


where Ez=(E,,:)p denoted the component along the axis of the equivalent dipole of 
the electric field generated when the antenna is transmitting with unit current at 
the gap. We repeat here that M is the strength of the equivalent Hertzian dipole, and 
e’ the “complex dielectric constant,” defined by (16), of the medium at the position 
of the equivalent dipole. This is the required result. For, if the transmission problem 
has been solved, Zr and E, are known, and (21) then gives J;, the current at the gap 
in the parasite problem. In general, both Zr and E, might depend on the details of 
the applied field, but (21) shows that, to the approximation with which (13a) holds, 
the ratio Z7/Ea is independent of such details.” 

The position and strength of the equivalent dipole can usually be assigned very 


16 The “strength” of the dipole can be defined by saying that the field is given by (15) in the immedi- 
ate neighborhood of the dipole; alternatively, by saying that the field is that derived from a Hertz vector 
whose components are (0, 0, M exp(iky/e'ur)/r. 

16 Sommerfeld thus obtained the incorrect result zero for the integral in (20). This error does not 
appear in his final result, since he was dealing with two Hertzian dipoles. It is essential to correct it in 
the present calculations, however. 

17 The case of unit current at the gap has been chosen simply for convenience. In general, the ratio 
V/Ej appears in place of the ratio Zr/Ea in (21), where V is the applied voltage and Ej the correspond- 


ing value of Eg. 
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easily when once the incident field is given. The assignment is usually by no means 
unique. In the common case of a plane-polarized wave, the equivalent dipole can 
conveniently be taken at a large distance from the antenna, and the strength of the 
dipole expressed in terms of the amplitude of the incident wave. If the incident field 
is the same as that of two equivalent Hertzian dipoles which are out of phase, as is the 
case with an elliptically-polarized wave, we need merely superpose the fields of each 
dipole separately, obtaining in place of (21) 


Zrl, = iwe’(M,E a a M2E.:), (22) 


where the suffixes 1 and 2 on the right-hand side refer to the two equivalent dipoles. 

Let us, for instance, apply (21) to the case where the whole medium is homo- 
geneous and isotropic, being characterized by constants €, wu, ¢, and where the inci- 
dent field is that of a plane-polarized wave. Let us take polar coordinates (R, 0, ¢) 
with the origin in the neighborhood of the antenna, and let us take the equivalent 
dipole at a large distance from the antenna in the direction from which the incident 
wave arrives, the axis of the dipole being in the direction of the electric vector of the 
incident wave. Then if Eine is the (complex) amplitude of the electric vector in the 
incident wave at the origin, we have 


Eine = kh’ Me**’®/R, (23) 


where e’ is again the “complex dielectric constants” defined by (16), and k’ = /e'pk. 
Again, for any shape of antenna, we can always express Eq, in the form 


Ea = inf, o, pe*'*/cR, (24) 


where y is an azimuthal angle with respect to the radius vector which defines the 
direction of the electric vector in the incident wave, and f(6, ¢, y) is a dimensionless 
function which can be calculated when the transmission problem of the antenna has 
been solved. This function determines the directional and polarization characteristics 
of the antenna when transmitting. Substituting for M and Eg from (23), (24) in (21), 
we have for the current at the gap in the parasite problem in the present case 


I, = Einef(9, >, ¥)/kZr. (25) 


Equation (25) gives the current at the gap in the parasite problem in terms of the 
amplitude of the incident wave and quantities which are known from the solution of 
the transmission problem. From (10), we then have for the voltage induced at the 
gap in the reception problem 

V = —ZEinf(0, >, ¥)/k(Z1 + Zr). (26) 


Consider, for example, the well-known case of a linear antenna of length 2/, with 
the gap at the middle point. Let us take y to be the angle between the electric vector 
of the incident wave and the plane containing the antenna and the direction of the 
incident wave (Fig. 3). Also let us take the origin at the center of the antenna with 
the polar axis along the antenna (in the direction in which the voltage rise is meas- 
ured), so that @ is the angle which the direction of the incident wave makes with the 
antenna. Then, with the usual simplified treatment and the assumption of a sinu- 
soidal current in the antenna for the transmission problem, we have for the function 


f in (24) 























1948] TRANSMITTING AND RECEIVING PROPERTIES OF ANTENNAS 379 


cos (ki cos #) — cos ki 
{0, 6, ¥) = 2 cos y. (27) 


sin kl sin 0 





Hence (26) now gives for the voltage induced at the gap in the reception problem 


; 2 ZrEine cos (ki cos 6) — cos ki 
V=-— cos y. (28) 


k Zi,+2Zr sin kl sin 0 





The result (28) is in agreement with one obtained by Hallén"* by a direct treatment 
of the reception problem, to the order to which (27) is true, i.e., with the usual 
assumption of a sinusoidal current in the antenna when transmitting. A more accurate 
treatment of the transmission problem would yield a more accurate expression than 
(27) for the function f, and hence also a more accurate expression than (28) for the 
induced voltage in the reception problem. 

5. Reciprocal relations between two antennas. The results of the two preceding 
sections establish relations between the performance of a single antenna when acting 
as transmitter, parasite or receiver. They deal with the fields generated or received by 
the antenna, and make no mention of the second antenna which is required to detect 
the transmitted field, or to generate the incident field. Such relations would seem to be 
those of most use in establishing a connection between the transmitting and receiving 
properties of antennas. The more usual results establishing this connection, however, 
such as have been given by Carson! and Sommerfeld,’ relate to the performance of 
wo antennas. We shall now establish such “reciprocal relations.” 

Consider two antennas, A,, Az, with gaps Gi, G2 (Fig. 4). Let us apply the Lorentz 





Fic, 4 


relation (11) to the region outside A;, Ae, taking for (E,, H;) the field (or a field) when 
A, is transmitting with an applied voltage V; and Az acting as parasite, and for 
(Es, H2) the field when A: is transmitting with an applied voltage V2 and A, acting as 
parasite. By an exactly similar method to that used in deriving (13a) and (14), and 
with a similar approximation (i.e. neglecting terms of order w/A and w/R) we now 


have: 
4n 
f (E; X He)adS = — 11Vi, (29) 
Ay Cc 
4r 
f (E, x H)),dS so IoVo, (30) 
Ag c 
f (E, > Hi.) dS -f (E, 4 H;),dS = 0, (31) 
Ag A, 


18 E, Hallén, Nova Acta Reg. Soc. Upsaliensis 11, No. 5 (1938). 
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where J; is the current induced at G; in the (Ez, Hz) field, and J, the current induced 
at G2 in the (E;, H;) field. Substituting (29), (30), (31), in (11) we obtain’® 


Vili = Vols. (32) 


This is the required reciprocal relation. We may state the content of the relation 
in words as follows: Let Ai, A» be two antennas with gaps Gy, G2 respectively. Then the 
current induced at G, when A» is transmitting and A, acting as parasite is equal to the 
current induced at G2 when A, 1s transmitting and A» acting as parasite, providing that 
the applied voltages in the two cases are equal.*® This is the more precise form of Carson’s! 
original reciprocal theorem. 

More generally, if each antenna acts as a receiver instead of a parasite when the 
other is transmitting, let Zr; be the transmitting impedance of A;, and Z,, the load 
impedance when A, is receiving, the gap being at G,; in both cases. Let Zr2, Z12 
denote similar quantities for As, the gap being at Ge. Then (9) and (32) lead to the 
relation 


(1 +Z1 Zr) Vil a (1 + Zr Zr2) Val» (33) 


in place of (32), where J; is now the current induced at G; when Az is transmitting 
with applied voltage V2 and A, receiving, and J; is the current induced at Gz when A; 
is transmitting with applied voltage V; and Az is receiving. If, instead of induced 
currents, we deal with induced voltages, the relation (33) becomes 

(Zri + Zii)Vi0y = (Zre + Z12)V 202, (34) 
where 7; is the voltage induced at G; when A, is receiving and A» transmitting, and v2 
is the voltage induced at Gz when the roles of transmitter and receiver are inter- 
changed. V1, V2 denote, as before, the applied voltages. 

We may here briefly refer to an apparent contradiction of the relation (32) which 
has been put forward by Ballantine.* It was originally given by this author in criticism 
of Sommerfeld’s* form of reciprocal theorem; but it would apply equally well to the 
more exact form of the theorem given above. Let the antenna A, considered in the 
relation (32) be a linear whole-wave antenna which, when transmitting, has a sinu- 
soidal current distribution which is antisymmetrical about the middle point (“com- 
plete positive and negative current loops”), as shown in Fig. 5. Let the second antenna 
Az, which may be of arbitrary shape,” be situated at a large distance from A; and 
in a direction perpendicular to it (Fig. 5). Then, when A, is transmitting, with 
the assumed current distribution, the field-strength generated is zero in the direction 
of A2,” so that no current will be induced anywhere in A2 when A; is acting as parasite. 
On the other hand when Az; is transmitting and A, acting as parasite it is certainly 


19 In the notation more generally used, J; and J; are interchanged in (32). 

20 It should be recalled that we are dealing with complex amplitudes. What is implied, therefore, is 
that if the (real) amplitudes of the applied voltages are equal in the two cases, then both the current 
amplitudes and the phase differences between induced current and applied voltage are also equal. The 
frequencies must, of course, be the same in the two cases. 

1 Ballantine supposes that the second antenna is exactly similar to the first (but not parallel to it) 
in order to comply with the conditions of Sommerfeld’s theorem. But this restriction is of no importance 
in the present connection. 

2 The longitudinal component of field-strength is actually only zero when terms of order higher 
than 1/r, where r denotes distance from the antenna, are neglected. This is all that is required for the 


argument, however. 
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not true in general that no current is induced in A;. This contradicts the reciprocal 
relation (32). 

The explanation is that a completely antisymmetrical current distribution of the 
type postulated when A, is transmitting cannot occur. Ballantine makes no men- 
tion as to where the antenna is supposed to be fed. If fed at the center, the current 
distribution is symmetrical, not antisymmetrical. If fed at some other point, well 
away from the center, the current distribution will be approximately of the type 
postulated, but not exactly, since the usual sinusoidal theory is not exact. The field- 


i‘ 
\ 
\ 
| 
/ 


/ 








Fic. 5 


strength generated by A, in the direction of Az is thus mot zero, but is comparatively 
small. The reciprocal relation then tells us (quite correctly) that A, will be compara- 
tively weakly affected when A. is transmitting. 

6. Are the directional properties (polar diagrams) of an antenna identical for 
transmission and reception? It is commonly stated that the directional properties 
of an antenna, as exhibited in a polar diagram, are identical for transmission and 
reception. It is of interest to see whether the results of the two preceding sections 
confirm this or not. 

The reciprocal relation (32) shows at once that, in a certain sense, the directional 
properties are identical. Consider an antenna A and a large number of other antennas 
(which need not necessarily be identical) situated at a large distance from A in dif- 
ferent directions. Then we might define the polar diagram of A for transmission 
by means of the currents induced at certain “gaps” in these antennas when they act 
as parasites, and the polar diagram of A for reception by means of the currents 
induced at the gap in A when A acts as parasite and any one of the distant antennas 
is transmitting, the same voltage being applied in every case. The relation (32) then 
shows that the polar diagrams are the same. 

Again, instead of considering the antennas as acting as parasites, we might con- 
sider them as acting as receivers, the load impedance being the same for all the dis- 
tant antennas, and use the induced voltages, rather than the parasitic currents, to 
define the polar diagrams for transmission and reception. The relation (34) then 
shows that the polar diagrams are identical (v;/v2 constant for V;/ V2 constant) only 
if the transmission impedances Z,y are identical for all the distant antennas. If all 
these antennas are identical, this would only be the case if the whole medium is 
homogeneous and isotropic; otherwise, the equality of the transmission impedances 
could be achieved by proper choice of the distant antennas. 

Neither of the above ways of defining the polar diagrams is very satisfactory, 
however, and neither of them corresponds to what is usually adopted in practice. The 
polar diagram for transmission is usually defined by means of the field generated, or 
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the intensity, at distant points, and the polar diagram for reception by means of the 
voltage induced by, or the power absorbed from, an incident wave of given strength 
arriving from different directions. 

For definiteness we shall, in an endeavor to treat the matter quite generally, 
define the polar diagrams of an antenna for transmission and reception (with the 
same gap) as follows: draw a large sphere S* surrounding the antenna A. Then the 
polar diagram for transmission is constructed by making the length of the radius 
vector in any direction in the diagram proportional to the maximum amplitude of 
the electric field-strength generated (for constant applied voltage***) at the point 
on S which lies in this direction. For reception, we suppose that the source of the 
incident field can be replaced by an equivalent Hertzian dipole (cf. Sec. 4) at some 
(variable) point P on S, the axis of the dipole being in the direction in which the 
electric field-strength generated at P when A is transmitting is a maximum.** The 
strength of the equivalent dipole is then adjusted so that the maximum amplitude 
of the electric field-strength in the incident field at A is the same for all points 
P on S. Then the polar diagram for reception is constructed by making the length 
of the radius vector in the direction of P in the diagram proportional to the voltage 
induced in A when the equivalent dipole is at P, the gap in A being the same as 
for transmission and the load impedance being kept constant. It is perhaps worth 
pointing out that the direction of P (i.e., of the source) is not necessarily the same 
as the direction of arrival of the incident wave if inhomogeneities of the medium 
are present. The incident field at the antenna need not, in fact, be a plane wave 
at all, in which case we cannot even speak of the direction of the incident wave. 

With these definitions, it follows from (21) and (10) that the polar diagrams for 
transmission and reception are identical if, and only if, the expression |e’ M/E ine| 
is constant for all directions from the antenna (i.e. for all points on the distant 
sphere), where | Eine] denotes the maximum amplitude of the electric field-strength 
in the incident field when the strength of the equivalent Hertzian dipole is M, and e’ 
is the complex dielectric constant of the medium at the position of this dipole. 

The expression |e’M/Einc| is certainly constant if the whole medium is homo- 
geneous and isotropic, for e’ and M/Ejn- are then both constant. It is also constant, 
for instance, if we are considering transmission and reception over a perfectly con- 
ducting earth, or over an imperfectly conducting, but homogeneous, earth. It is not 
in general constant, however, when inhomogeneities are present—e.g. for a hetero- 
geneous imperfectly conducting earth. 

We conclude, therefore—at least with the above definitions of the polar dia- 
grams—that the identity of the polar diagrams is not a general property of antennas 
when inhomogeneities of the medium are present, although the diagrams are prob- 
ably identical, or approximately so, in practically-occurring cases. 

We may note incidentally that (21) and (10) show that the voltage induced in an 
antenna by an equivalent Hertzian dipole of given moment, and situated at a given 
point, is a maximum when the axis of the dipole lies in the direction in which the 
electric field-strength generated at that point when the antenna is transmitting is a 





23 In general, the polar diagrams obtained from our definitions may depend on the radius of this 
sphere. In practice they will usually not do so, however, provided that the sphere is large. 

238 The diagram thus obtained is independent of the applied voltage by (21) and Footnote 17. 

24 This somewhat arbitrary choice is made so as to render conditions most favorable for the identity 
of the two polar diagrams. It implies, of course, a certain restriction on the source of the incident wave. 
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maximum. When the whole medium is homogeneous and isotropic, this means that 
the voltage induced by a plane-polarized incident wave is a maximum, other things 
being equal, when the polarization of the incident wave is the same as that of the wave 
generated when the antenna is transmitting (or, in the general case, where the 
generated wave is elliptically-polarized, when the electric vector of the incident 
wave is in the direction of the major axis of the ellipse described by the electric 
vector of the generated wave). 

7. Extension of the results to include imperfect conductivity of the antenna. So 
far, we have dealt entirely with the case where the antenna is perfectly conducting. 
We shall now indicate briefly how the results can be extended to include the case 
of an imperfectly conducting antenna. 

We shall now adopt the following “mathematical model” for a transmitting of 
receiving antenna (cf. Sec. 2): there is a “gap” as before, and the conditions (1), (2) 
or (3a), (3b) again hold; but we now postulate in addition that over the ends of the 
gap (i.e., the cross-sections of the antenna through the curves marking the position 
of the gap) the tangential components of E vanish, both in transmission and recep- 
tion. The “gap” is thus now a kind of “box,” and the surrounding medium now in- 
cludes the interior of the antenna which lies outside this “box.” The transmission and 
reception problems for an antenna now require a solution of Maxwell’s equations in 
the region outside the “box,” subject to the proper boundary conditions in this region, 
which are the same as before, and subject to the appropriate surface boundary con- 
ditions on the box. The latter are the same as before, with the additional condition 
that the tangential components of E vanish over the ends of the box. The condition 
that the tangential components of E vanish on the surface of the antenna now disap- 
pears. In the parasite problem, there is no “box” and hence, of course, no cenditions 
to be applied to its surface. 

We shall now make the followed additional assumptions: 

(1) The displacement current at the gap is negligible compared with the conduc- 
tion current. 

(2) When the antenna is acting as a parasite, the integral {E,ds, taken across the 
gap (Fig. 1), is negligible. 

(3) When the antenna is acting as a parasite, the component E,, (Fig. 1) and the 
tangential components of E over the ends of the gap are negligible. 

The only one of these assumptions to which exception might be taken is the last, 
which is certainly mot true for an antenna of arbitrary shape and with an arbitrary 
gap. It is, however, very approximately true for the usual wire-shaped antenna, so 
that it seems reasonable to adopt it as a general assumption, particularly in view of 
the somewhat arbitrary character of our “box model.” 

It is now readily verified that the general results of sections 3-5 can be proved as 
before, by merely substituting the surface of the box for the surface of the antenna 
(not all the assumptions (1)—(3) above are needed in the proof of each result). The 
discussion of section 6 then applies as before. The formula (27) (and hence (28)), 
which relates to a special problem, requires modification, of course, if the imperfect 
conductivity of the antenna is taken into account. 


APPENDIX 


We shall here establish the Lorentz relation (11) when the medium outside the 
surfaces U is anisotropic, being characterized by the symmetric tensors €;;, Mij, Fj, 
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which may be arbitrary functions of position (cf. Sec. 2). Adopting for a moment the 
indicial notation, so that, e.g., we write (Z,, E2, E3) in place of (E£,, E,, E.), Maxwell's 
equations for the steady state (with the time-factor e~‘), and for the postulated 
type of medium, can be written 


w 
(curl E); = —— 2, wi;H;j, 
c / 
Ww 4nr 
(curlH); = — >> «jE; + — >> ai;E,, 
. cs 


for 7=1, 2, 3, the summations running in all cases from 1 to 3. 
Suppose now we have two fields (E™, H®) and (E®, H®) which satisfy these 
equations. Then we can write: 


(1) 
(curl E®); = }> ajH; , (Al) 
(curlH™), = >> ,;E;, (A2) 
7 
(curl E®), = YiaiH;, (A3) 
(curlH®), = >> BE”, (A4) 
where 

1) lw 4a Ne 
aj=— — By, Bi; = — €j3 + — o4;. (A5) 

Cc c Cc 


(1) 


Multiplying (A1), (A2), (A3, (A4) by Hj”, EE)”, —H{?, —E/” respectively, adding, 
and summing with respect to 7, we obtain, on using the identity A* curl B—B-> curl 


A=div (BXA): 


div [E® xX H® — E® x HH] 


(1) (1) (1) (2) (1) 


elit, & +8, e+, EE EY 


(1) _,(2) 


S Key - a8; + Ca ~ 808; Be) = 6, 


ll 


since, from (A5), the tensors a;;, 8;; are symmetric. 
Hence, using the notation of (11), 


div (E, x BH) =. din (F, 4 H,). (A6) 


From (A6) the required relation (11) follows in the usual way by integrating each 
side of the equation over the region bounded by the surfaces U and an infinite sphere, 
and applying Green’s theorem. This sphere, and also any surfaces of discontinuity, 
give no contributions to the surface integrals on account of the boundary conditions 
(outgoing waves at infinity; continuity of tangential components of E and H at a sur- 
face of discontinuity). 
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DISTRIBUTION OF THE SUM OF RANDOMLY 
PHASED COMPONENTS 


BY 
W. R. BENNETT 
Bell Telephone Laboratories, Murray Hill, N. J. 


The so-called problem of random flights has engaged the attention of many in- 
vestigators. In the general form we are required to find the distribution of the sum of 
n vectors with specified lengths and randomly distributed directional angles. From 
the standard application of complex algebra to sinusoidal waves, it is clear that the 
two-dimensional form of the problem, with which we shall be concerned here, applies 
directly to the distribution of the sum of m sine waves with equal frequencies, speci- 
fied amplitudes, and random phase angles. By a simple extension which is reproduced 
in the appendix, we may also show equivalence with the distribution of the envelope 
of m sine waves of incommensurable frequencies when all frequencies present are high 
relative to the difference between the lowest and highest. Applications thus exist to 
such diverse problems as random walks, in terms of which Pearson originally phrased 
the problem in 1905,! and multichannel carrier telephony, which happens to be the 
stimulating influence behind the present investigation. 

A concise summary of the general problem and its solution has been given by 
Watson.” From these results, we take Kluyver’s formula for the distribution, namely 


P,(r) = rf suer as TT Solon (1) 


where P,,(r) is the probability that the sum of » components having individual mag- 
nitudes @;, d2+-+-4a, is less than r. We point out that the special case of n=1 is 
trivial, the case of n=2 is resolvable in terms of elementary functions, and the 
case of »=3 can be evaluated by elliptic integrals,* so that the infinite integral 
presents no real computing problem for m less than four. For large values of m, the 
integral may be calculated satisfactorily from asymptotic series in the manner in- 
dicated by Rayleigh. There remains considerable difficulty, however, in obtaining 
accurate numerical results for intermediate values of n. That the asymptotic series 
becomes not only unwieldy but unreliable in such cases is indicated by demonstrable 
errors in the results obtained by its use in one published paper.’ It is difficult to 
obtain accuracy from mechanical or numerical integration because of the oscillating 
integrand. 

The author recently wanted numerical values of P,(r) for values of m of the order 
of 10. Since the accuracy of the asymptotic series and of mechanical or numerical 
integration was open to suspicion, a better method of evaluating the integral (1) was 


1K, Pearson, Nature 72, 294 and 342 (1905). 

2 G. N. Watson, Theory of Bessel functions, Cambridge, Univ. Press, 1922, pp. 419-421. 

8 Nicholson, Quart. J. Pure Appl. Math., 48, 321-329 (1920). 

4 Phil. Mag. (6) 37, 321-347 (1919). 

5G. D. Gillett, Some developments in common frequency broadcasting, Proc. I.R.E. 19, 1347-1369 
(1931). Certain of the curves of Fig. 9 of this article fail to satisfy the easily proved relation 


P,(a) =1/(n+1) when a,;=a.= +--+ =@,=<a. 
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sought. It was found possible to derive a convergent Fourier-Bessel series representa- 
tion, which is simple in form and yields any accuracy desired. Derivation of the 
convergent series equivalent introduces some rather interesting analytical procedures 
and leads to a general method of evaluating certain types of Bessel integrals, par- 
ticularly those which can be shown to vanish for all values of a parameter outside 
a certain finite range. 

In the interests of simplicity we shall describe the method in terms of the special 
case of all vectors equal in length. The general case can be treated in a similar manner 
with more cumbersome details, of which only the final result will be stated here. We 
shall find it more convenient to calculate the probability ®, that the sum exceeds r. 


We set all the quantities a,,(m=1, 2, - - - m) equal to each other and without loss of 
generality make them each equal to unity. Then 
&,(k) =1—-P,=1-— ef Ti(kt)Jo(t)dt = nf To(kt)Ji(t)Jo (tat. (2) 
0 0 


The last form follows from an integration by parts. ®,(k) is the probability that 
the sum of m vectors of equal lengths exceeds k times the length of one vector. The 
equation (2) holds for all real non-negative values of k. It follows that ®,(%) vanishes 
for k>n since the sum of m equal vectors cannot be greater than m times the length 
of one. The vanishing of ®,(k) for k>n can also be shown directly from the infinite 


integral. 
Let us multiply both sides of (2) by kJo(xk)dk and integrate with respect to k 


from zero to infinity. We have the formal result: 
f kJ o(xk)®,(k)dk = f kJ o(xk)dk f tJ o( kt)F(t)dé (3) 
0 0 0 


where 
a n—1 , ‘ 
F(t) = nJi(t)Jo (4)/t. (4) 
The integral on the left certainly exists and in fact satisfies sufficient conditions as a 
function of x for the Fourier-Bessel integral identity to hold.* It follows that: 


- : nJ (x) n—1 
f kJ (xk) ®,(k)dk = F(x) = ———Jpo (2). (3) 
0 


WI 
— 


x 


We have thus found the Fourier-Bessel transform of ®,(), or the Bessel analogue 
of the ordinary Fourier transform. We note that since ®, vanishes when k exceeds n, 


we may also write: 
. nJi(z) »- 
f kJ o(xk) ®,(k)dk = WER '(x) (6) 
0 x 
or if we let k=nz2, 


Ji(x) n—1 ’ (7) 





1 
f zJo(nxz) ®,(nz)dz 
0 


6 G. N. Watson, Joc. cit., pp. 453-456. 
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We now let ©,(nz) =f(z) and note that f(s) in the interval 0S2S1 satisfies a 
sufficient set of conditions’ for its representation as the sum of a convergent Fourier- 
Bessel series: 


oo 


f(2) = DocmJo(jmz), OS2S1 (8) 


m=1 
where jm is the mth root, in ascending order of magnitude, of the equation Jo(x) =0. 
The value of the coefficient c,, is given by: 
: n-1,, 
2i(jm/n)Jo (jm/n) 
jmJ\(jm) 
The last form of the result is obtained by substituting the value x =j,,/m in (7). Hence 
n—l1 
j =, Ji(jm/n)Jo (jm/n) 
,(k) = f(k/n) = 22) tee 
m=1 jm; (jm) 


This is the result sought. It will be noted that ®,(m) =0, as it should, since each term 
of the series then contains the factor Jo(jn) =0. Incidentally, the vanishing of ®,(k) 
at n=k is difficult if not impossible to show by asymptotic expansion. Values of 
®,(k) computed from (10) are listed in Table I and plotted in Fig. 1. 





2 : , a 
Cn = nat 2f(z)Jo(jmz)dz = (9) 





Jo( Rjm/n). (10) 


TABLE I 


2s eo 
Value of @,(ka) = 1 — ef Ji(k )Jn(z)dz = of Jo(kz)J;(2)J"“(2)dz 


0 0 


= probability that envelope of sine waves of equal amplitude exceeds k times amplitude of one: 























& Po $; Ps ?, Frio P00 

1 .8571 .8750 .8889 -9000 .9091 

2 .5335 .5818 -6211 .6537 -6812 

3 .2315 . 2866 .3355 .3788 .4171 

4 .0636 .0992 .1356 -1712 .2055 .8528 

5 .0088 .0515 .0384 .0581 .0793 

5.8 .00013 

6 + .0021 .0067 .0137 .0229 

6.6 .00015 

7 — ,00050 .0020 .0046 -6138 

7.2 -00025 

7:3 .00007 

8 .00012 .00056 

9 -- -00005 
10 _ . 3688 
15 .1052 
20 .01795 
25 .001802 
30 .000104 





7G. N. Watson, loc. cit., pp. 591-592. 
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PROBABILITY OF EXCESS 


6 $7 $9\) dio 


10 
2 3 4 a ¢ 7 « 9 
MULITIPLES OF AMPLITUDE OF ONE COMPONENT 





Fic. 1. ®,(%) =probability that the absolute value of the sum of m vectors of equal magnitude 
and random phase exceeds k times the absolute value of one component. 


If the lengths of the vectors are unequal, the solution may be effected in a similar 
manner with the following results: Let 


n 


A=) an, (11) 


m=1 


where @ is the length of the mth vector. Also let 


> Jol aejm A), (12) 
gx] 


: dgJ 1(a, lm) A 
i Se = (13) 


amt J0(Gsjm/A) 


b m 


Then the probability that sum equals or exceeds r is J 
2 £ bmCmIo(rjm/A) 
$, = — eens * (14) 
A m=1 tad YG = 


A general mathematical theorem of which the above results are special cases may 


be stated as follows: 
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If 
f Tr)F()tdt =0 for r> ro (15) 
0 


and if F(t) satisfies conditions enabling its representation by the Fourier-Bessel 
integral; then for 0<r<ro, 


= 2 S F(jm/t0)J>( jmr/To) 
f TAehin tee — F “Soar (16) 
0 TY. m=1 J5+1(jm) 
where 
J (jm) = Q, ji < je < js <2 5 (17) 


This completes the portion of our results dealing with the problem of random 
flights per se. It so happens that the primary object of the author is the application 
of the results to the envelope of a group of sine waves. As shown in the appendix 
the distribution function for the envelope of » randomly phased sine waves of inde- 
pendent frequencies distributed over a range narrow compared with the frequency 
of any component is in fact the same ®, calculated above. It is of interest to compare 
the distribution of the envelope of a group of sine waves with the distribution of the 
instantaneous values. The latter distribution can be calculated by the method of 
characteristic functions.’ The probability density of the instantaneous value E of 


the sine wave d» cos wt is given by® 


p(E) = (an — E*)-1/?/x, |E| < E. (18) 
The “characteristic function” (or Fourier transform) of p(£) is 
1 - B J (@mw) 
Sn(iw) = f p(E)e-“EdE =". (19) 
24 J _. Qa 
For » sine waves with peak amplitudes a, de, - - - , @,, the probability density is 


given by 


x n 1 ee) n 
pn(E) = (2m)""! f eFedw [| S,(iw) = oe f eFedy |] Jo(anw). (20) 
20 £7 itil 


m=1 m=1 


This integral is not in convenient form to use the Fourier-Bessel integral and series. 
However, the presence of the exponential factor enables us to use the ordinary 
Fourier integral and series as follows: Multiply both sides of (20) by e-‘#dE and 


integrate from —« to «. Then 


x 1 x x n n 
f prlE)e “ited F = > f é nae f eFedy |] J (dmw) = II J o(@mt) (21) 
e és £7 —2 m=1 


x m=1 


by the Fourier integral identity. Since p,(£) =0 for | E| >A, 
1 n 
f pr(Eje wtEdRE = II J o(amt). (22) 
. 4 m= 1 


8H. Cramér, Random variables and probability distributions, Cambridge Tract No. 36 (1937), Ch. IV. 
*W. R. Bennett, J. Acoust. Sec. Am., 15, 164 (1944). 
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Furthermore »,(£) satisfies a sufficient set of conditions for its expansion in a Fourier 
series!” in the interval —A <E<A. Therefore: 


P(E) = >> cei*t2/4, —-A<E<A (23) 
1 in (E) wemaaye 1 II F (=) (24) 
Gg *-— n\ ce _aaee ,_=e ae 2 
2A J_,? Tt ne 2 


The last step follows by substituting ¢=sm/A in (22). Hence 


pn(E) 


m=1 


1 = 9) n 
rv] =. est E/ATT Jo(sma»,/A) 


1 io) n 
— E + 2]] cos srE/A [J Jo(sra,, A) | (25) 


2A s=l m=1 


The probability Y, of finding an instantaneous absolute value exceeding E is 


given by 


; 
v,=1- 2f pn(E)dE 
0 
E 2¢ 


) 2 1 n 
1——- — 2 — sin srE/A II Jo(sma»,/A). (26) 


A T ont 3 m=1 


Il 


If a,=a.= +--+ =a,=a, V,(k) is the probability of exceeding ka, 


2 ° «.. ome 
V,(k) =1-- f Jo(z) ——— dz 


~ 


II 


Tv 2 
k = | ~« 

=1-——-— 2 Jo(sr/n) sin srk/n. (27) 
n T eul §$ 


Values of Y,,(k) are listed in Table IT. 


TABLE II 


, 2 ‘s na, sink 
Value of ¥,(k) = 1 — Jy (2) dz 
T € Z 


) 2 








= probability that instantaneous absolute value of m sine waves of equal peaks exceeds k times peak 
of one, 
| 2 | 3 | 4 | 8 | 6 7 | 8 
Vio .6604 .3779 | 1832 | .07330 | .02337 | .00563 | .00094 | .00009 








10 This method of evaluating integrals by Fourier series has also been used by D. G. Kendall, A 
summation formula associated with finite trigonometric integrals, Quart. J. Math. (Ox. Ser.) 13, 172-184 
(1942). 
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It is convenient to express results in terms of the ratio of the quantity to the 
root mean square value. Let 7 represent the root mean square value of the envelope 
and 7 the root mean square instantaneous value of m sine waves with equal amplitude 
a. Then 


n= av/n (28) 
r=avV/n/2 (29) 


Fig. 2 shows ®,(k) plotted against 10 logy. k?/n, the ratio of ka to n expressed in 


OB ABOVE R.MS. ADDITION OR 
OB ABOVE R.M.S. OF ENVELOPE 





10 
PROBABILITY OF EXCESS 


Fic. 2. Distribution function of envelope of n equiamplitude randomly phase sine waves expressed 
in db above root mean square of envelope. 


OB ABOVE R.M.S. 
~™ 


‘ 
uu 





10° 10% 10° 10° 10 
PROBABILITY OF EXCESS 


Fic. 3. Distribution function of instantaneous value of » equiamplitude randomly phased sine waves 
expressed in db above root mean square. 
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decibels. Likewise Fig. 3 shows WV,(%) plotted against 10 logio 2k?/n, the ratio of 
ka to rt expressed in decibels. The limiting forms of these curves when n is large" are: 


lim ®,(k) = e ke ]n (30) 
lim W,,(k) = 1 — erf k/s/n. (31) 


The latter approaches the normal law in one dimension, while the former approaches 
the distribution of the radial coordinate in a two-dimensional normal field. The re- 
sults are in accordance with the central limit theorem.'* All numerical calculations 
of this paper were made by Mrs. A. J. Shanklin. 

Since completion of this work, a published article has appeared treating the 
same problems by different methods. Figs. 4 and 5 of the reference are graphs of the 
function we have called V,, and Figs. 7 and 8 give ®,. Agreement between these curves 
and Tables I and II of the present paper is good except near the maximum ampli- 
tudes, where the probabilities plotted on the curves are higher than our tabulated 
values. The latter have been carefully checked and are believed to be accurate to the 
number of significant figures listed. Upper bounds have been calculated for the re- 
mainder after the actual number of terms used in the series and shown to be negligibly 


small. 
APPENDIX 
Envelope of a Group of Sine Waves 
Let 
E = >) En cos pl. 


Then by obvious rearrangements: 


E Re>, E,,e'?' = Re e*?o! >. e*(Pm—Po)t 
™ m 


cos pot >, Em cos (Pm — po)t — sin pot > En sin (pm — pod 


m 


2) 1/2 


= ‘| } | cos (Pm eal pe] + | , > Ew sin (Pm a pe] } 
>> En sin (Pm — pode 


>> Em cos (Pm — pot 


‘Cos | Pot + arc tan 


This is the familiar form of an envelope function multiplying an oscillating function. 
In order for the resolution to be physically significant, pp must be large compared 


1! The limiting forms can be derived from the integrals by Laplace’s process as described in Watson, 
loc. cit., Sec. 13.48. 

12H. Cramér, Joc. cit. Chap. X, J. V. Uspensky, Introduction to mathematical probability, McGraw- 
Hill, New York, Chap. 15. 

13 Margaret Slack, The probability distributions of sinusoidal oscillations combined in random phase, 
J.1.E.E., 93, 76-86 (1946). 
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with p»,— Po. The same expression for the envelope function may be derived from the 
mathematical definition of an envelope if we regard the defining equation for E as 
that of a family of curves in E and ¢ with the parameter ($,— 0) =a. Eliminating a 
between this equation and the equation obtained by differentiating partially with 
respect to a gives the square root function appearing above. 

The envelope is seen to be the square root of the sum of the squares of the sum of 
a set of horizontal components E,, cos (pm—fo)t and the sum of a set of vertical 
components E,» sin (pPa—po)t. It is therefore equal to the magnitude of the resultant 
of a set of two-dimensional vectors with absolute values £,, and phase angles, 
(Pm — Po)t. If the frequencies pi, p2, - - - are incommensurable, the phases are random 
and the problem is the same as that of random flights. 

We note that the square of the envelope is equal to 


> En + 2D.’ ExEm cos (p1 — pm)t 


l,m 


where >.’ does not include /=m. The average square is therefore } mEm’. 
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CONCERNING A NEW TRANSCENDENT, ITS TABULATION AND 
APPLICATION IN ANTENNA THEORY* 


BY 
C. J. BOUWKAMP 
Natuurkundig Laboratorium der N. V. Philips’ Gloeilampenfabrieken, Eindhoven 
1. Introduction. As is well known, the integral sine and cosine functions Si(z) 
and Ci(s), respectively, are frequently met with in problems of applied mathematics. 
As an example we may mention the theory of antenna radiation, though in this field 
one preferably uses a slightly different pair of functions S(s), C(z) defined by 


E(z) = C(z) + #8(z) = fa — e-*)dt/t, (1) 
0 
wherein z denotes the imaginary unit. Obviously S(z) is identical to Si(z): 
Sts) = Sts) = f “gin tdt/t. (2) 
Further,' if y denotes Euler’s constant, 


C(z) = y + log z — Ci(z) = f (1 — cos é)dt/t. (3) 
0 
Recently, the author was led to the study of another transcendental function 
closely related to that defined by (1). This new function £;,(z) is related to E(z) in the 
same way as the latter is to the ordinary trigonometric functions, viz. 


z 1 l 
E,(z) -{ E(t)dt/t -f f (1 — e~***")dsdt/st. (4) 
0 0 Cc 


The function £,(z) was encountered in antenna theory but may possibly be of 
some value in other fields as well. Therefore it is thought worth while to treat some 
of its features here. In addition, a short table of numerical values may be of general 
interest. Finally, the function a2(x), as it occurs in Hallén’s antenna theory, is shown 
to be expressible in terms of the functions E(x) and E(x). 

2. Power series and asymptotic expansion for /;(z). With respect to numerical 
evaluation, especially for small values of z,a power-series development may serve the 
purpose. After expanding the integrand in (1) into powers of t, one simple integration 
leads to a power series for F(z). Using the latter in the left-hand integral of (4) we ob- 
tain, after another term-by-term integiation, the required expansion immediately, 


viz. 
2 (— iz)” 
E,(z) = — )} ———-- (5) 
ant nn! 


* Received Nov. 26, 1946. 
1 In our opinion, the short notation C(z) for the integral (3) is to be preferred to those like Ci(z) or 
Cin(z), as suggested by some authors. Then E(z) may be a suitable abbreviation for the combination (1) 


analogous to the familiar exp (iz) =cos z-+7 sin z. 
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For large values of z, however, an asymptotic expansion is more desirable. In this 
respect we have found the following development: 


E\(z) ~ A + B log z + (log z)?/2 + —Tai(t + = + bd Sie +) (i/s)", (6) 
Sant 2 3 n 
where the constants A and B are given by 
A = 72/2 — #°/24 + wyi/2 = — 0.24464 45548 + 0.90668 459433, 
B= 7+ ri/2 = 0.57721 56649 + 1.57079 632681. 


Formula (6) may be proved as follows: An equivalent definition of F,(z) is 


= 


1 
E,(z) = -f (1 — e~***) log ¢ dt/t, (7) 
0 


as can be verified by a partial integration of the left-hand integral in (4), and an 
obvious change in the variable of integration. Once more integrating by parts one is 


led to 
1 1 
E\(z) = = is f e~ ***(log #) dt. (8) 
- 0 


Now, for large? values of z, the main contribution to the integral (8) comes from the 
values of the integrand in the neighbourhood of ¢=0. It is therefore reasonable to 
consider the integral (8) as the sum of two terms: 


E,(s) = H(z) + h(s), (9) 
where the “main term” and the “correction term” are defined by 
1 ; — 1% : 
H(z) = > is f e~***(log £)dt, (10) 
1 1 
h(z) = = is f e~‘**(log t)*dt, (11) 


respectively. 
Let us first transform the main term H(z). Evidently one can transform the ex- 


pression (10) into 
. 1 fda ~ ice 
H(z) = — 1 fete **gs ; 
2 ds? 0 sill 


Now, from gamma-function theory, we have 





f tt—le-tztdt = T'(s)/(iz)*. 
0 


Consequently, upon performing the differentiations, 


H(z) = V"(1)/2 — (log z + wi/2)I"(1) + (log s + wi/2)21(1)/2. 


2 Henceforth we suppose z>0. 
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Finally, after substitution of the known numerical constants 

r(1) = 1, (1) = —-¥y, (1) = y? + 2°/6, 
one easily finds 

H(z) = A + B log z + (log z)?/2, 
wherein the coefficients A, B are as specified above. 
Concerning the correction term (zs) we proceed as follows: Let 
g(t) = (log #)?/2; 

then, by successive partial integrations of (11), 
On ed 1 ¢- 


iz (iz) (iz)"J 





h(z) =e “| + g(t) (t)e—* 'di. 


Further, by induction, or otherwise, 


' 1 1 
gietl)(f) = (— 1)*n!t-*""[ log? — 1 — a ), 


Z n 


1 1 1 
g(1) = g’(1) = 0, gtD1) = (- Derint(1 + —*s +--+ ). 


K n 
We thus obtain for h(z), after N=n—1 terms, 
e~ ts N 1 1 1 . 
h(z) = — Doat!(1+ ae i Saal (i/z)" + Rv(z), (12) 
ee 2 3 n 


where the remainder Ry(z) is given by 





, iN+1(N + 1)! ~i20 aed | 1 1 
Ry(s) = ——— — f —<{1+—+---+ -— log t>dt. (12a) 
gN+1 1 ey N+1 


Moreover, it can be shown that 


bs 2/(N + 1) . ; 
Ry(z)| Ss (1 + ———————————— } X | last term taken into account |, 
1+1/2+-:-+1/(N + 1) 
1/z 





| Rv(z)| S (1 + ——_—_—_—_——— =) X | first term not taken into account |. 
1+ 1/2 + +++ + 1/0 + 1) 
Further details are left to the reader. 

We have thus proved the validity of the asymptotic expansion (6) for positive 
values of z, though (6) holds for Re(z) >0 as well. 

3. A third development for the function £,(z). For moderate values of z (for 
instance z=10) neither the power series (5) nor the asymptotic development (6) is 
very useful for numerical purposes, as then too many terms are required. For such 
values of z it is better to apply the Taylor series. 

To that end we use the obvious formula 


oo a” E(z) Anti oc A” 
Ex\(z + A) = Ex(z) + ae Sa ——— = E,(z) + — ¢,(z). (13) 
_ @) » dz"\ z J) (n+ 1)! (2) 2 n! @) 
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The series (13) converges for all values of A because £;(z+A) is an integral func- 
t'on of A. The following recurrence relations for the coefficients c,(z), (2 >0), can be 
established: 
2°Cna2(z) + (2m + 1)2engi(z) + m7c,(2) = (— 1) "tie, (14) 
with initial values 
ei(z) = E(z)/z, co(z) = [1 — e-* — E(z)]/2?. 


Given z, the functions c,(z) can be calculated success vely. As at present there exist 
very accurate tables for the integral sine and cosine functions,’ it is not difficult to 
prepare an auxiliary table for the function E(z). 

4. A short table for the function ;(z). We have prepared a short six-decimal 
table for £,(z) for values of z between 0.0 and 20.0 at intervals of length 0.2. For 
s<5.0 the power ser’es was applied, up to 8 decimals. For 5.02 £20.0 the function 
was computed by means of (13), the functions c,(z) being pre-calculated (8 decimals) 
for s=5, 7,---,19. Accordingly, (13) was successively applied with values of | A| 
not exceeding 1.0. 

The value of £,(20), obtained in this way, was checked by application of the 
asymptotic series for s=20. The difference appeared only two units of the eighth 
decimal. The values of £,(10) and £,(15) were also checked, by comparison with the 
power-series values. Moreover the eight-decimal numbers on the worksheet were 
checked by calculating sixth-order differences, and then rounded off to six decimals. 
Therefore, it will be very unlikely that the error therein exceeds half a unit of the last 
decimal. 

Tables I, II contain the real and imaginary parts of the function E£;(z), respec- 


tively. Thus they give 


z l 
Re E,(z) = f [y + log t — Ci(é)]dt/t = sf sin zt (log ¢)? dt/2, (15) 
0 0 


2 1 
Im E,(z) -f Si(t)dt/t = of cos zt (log ¢)? dt/2. (15a) 
0 0 


5. Hallén’s second-order function a2(x). Hallén‘ derived the following expression 
for the self-impedance of the center-fed perfectly conducting cylindrical antenna 


cos x + ai(x)/2 + ae(x)/2?+--- 
sin x + Bi(x)/Q + B2(x)/2? + --- 





Z(x) = — 6072 


In this formula 2 denotes a large constant, depend'ng on the radius a and the half- 
length J of the antenna: 2=2 log (2//a). Further x =kl =27/1/X, where X is the wave- 


length. 
Only the first-order coefficients a(x) and 8;(x) can be given explicitly in terms of 


known functions, namely 
ai(x) = de'*E(4x) — cos xE(2x). (16) 
B:(x) = hiei*{ E(4x) — 4E(2x)} + sin x{log 4 — E(2x)}. (16a) 
~ 8 Tables of sine, cosine and exponential integrals, vols. I, II;;New York (1940). Table of sine and 


cosine integrals; New York (1942). (Federal Works Agency, W.P.A., City of New York. ) 
‘ Erik Hallén, Nova acta reg. soc. sci. Upsaliensis (4) 11, 1044 (1938). 
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Rather intricate formulae were given for the second-order coefficients a2(x) and 62(x), 
which were evaluated by graphical methods.’ It may be noticed that in the refined 
theory® the same second-order coefficients occur. 
Recently a2(x) was found to be expressible in terms of E(x) and E,(x) by means of 
a fairly simple formula, viz. 
a(x) = — ai(x) {log 4 + E(2x)} — cos xE*(2x)/2 
+ 2isin xFE,(4x) + cos x} E,(4x) — 2E,(2x) }. (17) 


With the help of our tables for the function £,(x), and the American tables for 
Si(x), Ci(x), we have calculated a; and ag to six decimals for 0.0(0.1)5.0. After careful 
checking, these results were rounded off to four decimals. The final data are given 
in tables III, IV, whereby 


ahd mald +4, edz) «eal + ten (0. 


Comparison of our table for the first-order coefficient a,(x) with those of King 
and Blake’ shows only small differences in the last decimal. Also the values of the 
second-order coefficient a2(x) are in good agreement with the corresponding two- 
decimal values obtained by graphical integration.® 

As for the other second-order coefficient, we do not think it possible to express 
B2(x) in such a simple way; unfortunately, more intricate functions seem to play a 
part. 

In the following sections a proof of formula (17) will be given. As a rather large 
amount of analysis seems necessary to establish such proof, we may once more 
emphasize the usefulness of the short abbreviation E(x) as was adopted here for the 
combined integral sine and cosine functions. 

6. Some auxiliary functions. We introduce the following four functions: 





* E(x) — E(t) * 
o1(x) -f - —dt= -f log (1 — t/x)(1 — e~**)dt/t, (18) 
0 x—t 0 

$2(x) -{ E(x — #)(1 — e~"*)dt/t, (19) 
0 

o3(x) -f { E(x — t) — E(x) } e-‘tdt/t, (20) 
0 

(x) -f { cos (x — t) — cos x} log (1 — ¢/2x)e~*#dt/t. (21) 
0 

Between these functions the following relations exist: 

261(x) + $2(x) = 2E,(x), (22) 

gi(x) + o(x) + s(x) = E(x), (23) 

oa(x) = e**g)(4x)/2 — cos x oi(2x). (24) 


5 C. J. Bouwkamp, Physica 9, 609-631 (1942). 
* R. King and D. Middleton, Quart. Appl. Math. 3, 302-335 (1945). 
7 R. King and F. G. Blake, Froc. Inst. Radio Engrs. 30, 335-349 (1942). 
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Formula (22) is especially noteworthy as it does not seem to be some trivial equality. 
A straightforward proof of it may be established by expanding both sides into 
powers of x. Evidently, g; and ¢ are integral functions; their respective power series 
converge for all finite values of x. One will get 


2 (— tx)" 1 1 
62) = — . =(1 ie oe * —), (18a) 
n= nen! 2 n 
" — ix)" 1 1 
o(x) =2> ah. si (1+ - te t—), (19a) 
n-1 (n+ 1)(n+ 1)! 2 n 


and then (22) follows at once on account of (5). 
A detailed proof of (24) only will be given as an example. Firstly, 


}cos (x — t) — cos xfen#*/t = — fe'*(1 — e-***)/t + cos x (1 — e-*)/t 


d 

.~ { — de*E(2t) + cos x E(é)}. 
at 

Therefore, 


22 d 
¢,(x) = — log (1 — t/2x) = [de'*} E(2t) — E(4x)} — cos xj E(t) — E(2x)} dt. 
at 


7 


Secondly, by partial integration, 


1 22 F(2t) — E(4x) + E(t) — E(2x) 
Ol x) = ; ef . aeeennc->ebiaaionsiees dt ~- Cos z= f <peceinemanrins dt, 
~ 0 ’ 0 


t— 2x 








and, after some trivial transformation and by the use of (18), this reduces to (24). 
7. Proof of formula (17). Instead of Hallén’s functions F,(s) we take f,(z) 


= F,(z/k). These functions are recurrently defined by 
Jo(Z) = COS Z, 
i(z) = }fa(ad — fas) } log (1 — 2?/x?) 


ae dt. 


| 


, f {f.(x) — falo)} exp (— ilz+¢|) — [Aa — falz)$ 
ome 


Apart from fo, only f; can be given explicitly in terms of known functions, viz. 


9 / 


fi(z (cos x — cos z) log (1 — 2?, 


+ Ale E(2x + 2s) + e-#*E(2x — 22)} — cos x{ E(x +2) + E(x —2)}. (25) 


x?) 


The functions a;(x) and a(x) are obtained when s=x is substituted in f,(z) and f2(z), 
respectively. Therefore the required expression for a2(x) has to be derived from 


9 


a(x) =f {fi(x) — filx — t)} 


2 


it 
— dt. (26) 

t 
We first write 


fi(x) — fi(x — 1) = T14+7T24+---4+T72, 
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= {cos (x — #) — cos x} log (2t/x), (27) 
= — e'*. et K(2t)/2, (28) 
= cos xE(1) (29) 
= e*E(4x)(1 — e~**)/2, (30) 
= {cos (x — t) — cos x} log (1 — ¢/2z), (31) 
= cos x} E(2x — t) — E(2x)}, (32) 
= — ei*-e-it! E(4x — 20) — E(4x)}/2. (33) 


Let the corresponding contributions to the integral in (26) be denoted by J,, thus 


I, = f T,e7‘tdt/t 
0 


Then one will find consecutively 


— ai(x) log 4 + e**E,(4x)/2 — cos xE,(22), (27a) 


I, 
Ty 
Ts 
I, 
Ts 
I¢ 
I; 


Il 


Il 


— e7E,(4x)/2, 

cos «{ E,(2x) — E?(2x)/2} 
e'=E(4x){E(4x) — E(2x)}/2, 
e'*o,(4x)/2 — cos x@,(22), 

cos «| E*(2x) — $:(2x) — $2(2x) }, 
e*{b1(4x) + o2(4x) — E%(4x)} /2. 


28a) 
(29a) 
(30a) 
(31a) 
(32a) 


(33a) 


It is thought unnecessary to give detailed proofs of the above formulae, as the general 
lines are the same as in the example of the preceeding section. 


Upon substituting (27a) - - - (33a) in ae(x) =h+2+ 


- ++ +J;, we obtain 


a2(x) = cos xE?(2x)/2 — e*E(2x)E(4x)/2 — a;(x) log 4 + isin xE,(4x) 
— ccs «| 261(22) + $2(2x) } -- eiz | 24,(4x) + $2(4x) | ee 


On account of (22), the functions ¢; and ¢g2 can be eliminated. One then easily obtains 
the required formula (17). 





NN = =e ee 


i) 


~ MN bo 


nt Sh Rw WwW WwW WwW 


WN Ww = = ee 


w d& bo bo 


a Ww 





nm & bb & & W& 
oo 





TABLE I 





| ReE, 





ReE, ReE; Zz ReE£, 



































a = 
0.000 000 | 5.0 | 1.972 538 | 10.0 | 3.726 338 | 15.0 4.982 566 
0.004 996 | 5.2 | 2.066 256 | 10.2 | 3.784 619 | 15.2 5.025 625 
0.019 933 5.4 | 2.157 214 | 10.4 | 3.842 420 | 15.4 5.068 443 
0.044 664 5.6 | 2.245 360 | 10.6 | 3.899 692 | 15.6 5.111 035 
0.078 943 5.8 2.330 699 | 10.8 | 3.956 381 15.8 5.153 410 
0.122 434 6.0 2.413 282 | 11.0 | 4.012 436 16.0 5.195 569 
0.174 714 6.2 2.493 205 11.2 4.067 808 | 16.2 5.237 508 
0.235 281 6.4 | 2.570598 | 11.4 4.122 452 16.4 5.279 217 
0.303 564 | 6.6 | 2.645 618 | 11.6 4.176 332 16.6 5.320 681 
0.378 933 | 6.8 2.718 446 | 11.8 | 4.229418 | 16.8 5.361 884 
0.460 706 | 7.0 | 2.789276 | 12.0 | 4.281 693 | 17.0 5.402 804 
0.548 165 | 7.2 | 2.858 31 12.2 | 4.333 147 17.2 5.443 422 
0.640 563 | 7.4 | 2.925 751 | 12.4 4.383 783 17.4 5.483 715 
0.737 142 7.6 2.991 799 | 12.6 4.433 614 | 17.6 5.523 663 
0.837 159 7.8 | 3.056 642 | 12.8 4.482 661 17.8 5.563 247 
0.939 800 8.0 | 3.120458 | 13.0 4.530 954 18.0 5.602 453 
1.044 392 8.2 | 3.183 403 | 13.2 4.578 533 18.2 5.641 267 
1.150 210 8.4 | 3.245 618 | 13.4 | 4.625 441 18.4 5.679 683 
1.256 591 | 8.6 | 3.307 218 | 13.6 | 4.671727 | 18.6 5.717 694 
1.362 916 | 8.8 3.368 298 | 13.8 | 4.717 442 18.8 5.755 304 
1.468 623 9.0 | 3.428929 | 14.0 | 4.762 639 | 19.0 5.792 515 
1.573 207 | 9.2 3.489 159 | 14.2 | 4.807 370 | 19.2 | 5.829 339 
1.676 231 | 9.4 | 3.549 016 | 14.4 | 4.851 684 | 19.4 | 5.865 788 
1.777 320 | 9.6 | 3.608 507 | 14.6 | 4.895 628 | 19.6 | 5.901 879 
1.876 168 | 9.8 | 3.667 622 14.8 | 4.939 244 | 19.8 | 5.937 632 
1.972 538 | 10.0 3.726 338 | 15.0 | 4.982 566 | 20.0 | 5.973 068 
TABLE II 
ImE, : | im | = | Ime | = | Ime, 
0.000 000 5.0 | 3.467907 | 10.0 | 4.526 334 | 15.0 | 5.157 090 
0.199 852 | 5.2 | 3.527976 | 10.2 4.559 056 | 15.2 | 5.178 576 
0.398 818 | 5.4 3.584 497 | 10.4 4.590 878 | 15.4 | 5.199 864 
0.596 026 | 5.6 3.637 923 | 10.6 4.621 791 | 15.6 5.220 929 
0.790 627 | 5.8 3.688 683 | 10.8 4.651 802 | 15.8 5.241 742 
0.981 811 | 6.0 | 3.737180 | 11.0 4.680 931 | 16.0 | 5.262 280 
1.168 815 6.2 | 3.783 779 | 11.2 4.709 208 | 16.2 | 5.282 518 
1.350 936 6.4 | 3.828 813 | 11.4 4.736 676 | 16.4 | 5.302 436 
1.527 537 6.6 3.872 S71 | 11.6 | 4.763 386 | 16.6 | 5.322 019 
1.698 057 6.8 3.915 302 | 11.8 | 4.789 398 | 16.8 5.341 255 
1.862 017 7.0 3.957 213 12.0 | 4.814 776 | 17.0 5.360 140 
2.019 023 7.2 3.998 470 | 12.2 | 4.839 587 | 17.2 5.378 671 
2.168 772 | 7.4 4.039 198 | 12.4 4.863 898 | 17.4 5.396 855 
2.311048 | 7.6 4.079 485 | 12.6 4.887 779 | 17.6 5.414 701 
2.445 729 | 7.8 4.119 385 12.8 4.911 291 | 17.8 | 5.432 223 
2.572 779 | 8.0 4.158 921'| 13.0 4.934 494 | 18.0 | 5.449 442 
2.692 246 8.2 4.198 089 | 13.2 4.957 441 | 18.2 | 5.466 378 
2.804 259 8.4 4.236 865 | 13.4 4.980 178 | 18.4 5.483 057 
2.909 021 | 8.6 | 4.275 206 | 13.6 5.002 741 | 18.6 | 5.499 504 
3.006 798 | 8.8 4.313 058 | 13.8 | 5.025 158 | 18.8 | 5.515 747 
3.097 916 | 9.0 | 4.350 357 14.0 | 5.047 448 | 19.0 | 5.531 813 
3.182 750 | 9.2 | 4.387037 | 14.2 | 5.069623 | 19.2 | 5.547 727 
3.261 713 | 9.4 4.423 033 | 14.4 | 5.091 683 | 19.4 | 5.563 513 
3.335 250 | 9.6 4.458 283 | 14.6 | 5.113 624 | 19.6 | 5.579 192 
3.403 823 9.8 4.492 731 14.8 5.135 432 | 19.8 | 5.594 782 
3.467 907 | 10.0 | 4.526 334 | 15.0 5.157 090 | 20.0 | 5.610 298 











TABLE ITT 








‘ I | ul | | I u 
a, a, | x a, a 
0.0 0.0000 | 0.0000 2.5 | 0.2361 1.4528 
0.1 —0.0100 | 0.0007 2.6 | 0.3550 1.3695 
0.2 —0.0393 | 0.0053 San 0.4686 1.2690 
0.3 —0.0865 | 0.0175 2.8 0.5756 1.1534 
0.4 —0.1490 0.0407 2.9 0.6749 1.0247 
0.5 —0.2235 0.0773 3.0 0.7661 0.8851 
0.6 —0.3061 0.1292 3.1 0.8487 | 0.7362 
0.7 —0.3924 0.1973 ce 0.9225 0.5800 
0.8 —0.4780 0.2815 3.3 0.9875 0.4180 
0.9 0.5583 0.3807 3.4 1.0436 0.2514 
1.0 —0.6291 0.4930 3.5 1.0905 0.0816 
Fy —0 .6866 0.6156 3.6 1.1280 —0 .0904 
1.2 —0.7278 0.7451 3.7 1.1556 —0.2634 
toa —0.7503 0.8777 3.8 1.1730 —0.4363 
1.4 —0.7528 1.0091 3.9 1.1795 | —0.6080 
1.5 —0.7345 1.1351 4.0 1.1743 —0.7771 
1.6 —0.6957 1.2517 4.1 1.1569 —0.9422 
1.7 —0.6376 1.9550 4.2 1.1265 —1.1016 
1.8 —0.5618 1.4419 4.3 1.0828 1.2535 
1.9 —0.4708 1.5097 1.4 1.0253 1.3960 
2.0 —0.3672 1.5563 4.5 0.9542 ~1.5271 
2.1 —0.2540 1.5805 4.6 | 0.8695 ~ 1.6446 
2.2 —0.1343 | 1.5819 | 4.7 | 0.7720 -1.7468 
2.3 —0.0109 | 1.5604 | 4.8 | 0.6625 —1.8315 
2.4 0.1134 | 1.5170 | 4.9 | 0.5423 —1.8973 
2.5 0.2361 | 1.4528 | 5.0 | 0.4130 ~1.9426 
TABLE IV 
x a, a x | a, a, 
0.0 0.0000 0.0000 2.5 —2.5787 3.5091 
0.1 —0.0359 0.0022 2.6 —2.2678 3.4640 
0.2 —0.1415 0.0171 2.7 —1.9045 3.3755 
0.3 —0.3099 0.0563 2.8 —1.4931 3.2385 
0.4 —0.5311 0.1284 2.9 | 1.0397 3.0487 
0.5 —0.7919 0.2392 3.0 —0.5524 2.8034 
0.6 —1.0784 0.3901 | 3.1 | 0.0402 2.5018 
0.7 —1.3762 | 0.5790 | 3.2 | 0.4869 2.1447 
0.8 -1.6723 | 0.804 | 3.3 | 1.0187 1.7349 
0.9 —1.9560 1.0462 | 3.4 1.5450 1.2770 
1.0 —2.2191 1.3070 3.5 | 2.0560 0.7771 
1.1 —2.4564 | 1.5727 | 36 | 2.5430 0.2427 
1.2 —2.6654 1.8344 oa 2.9979 | —0.3177 
1.3 —2.8455 | 2.0844 | 3.8 | 3.4141 —0.8948 
1.4 —2.9977 | 2.3171 | 3.9 | 3.7862 ~1.4792 
1.5 —3.1232 2.5291 | 4.0 4.1100 —2.0611 
1.6 ee eS 4.3828 —2.6312 
1.7 —3.2969 | 2.8875 4.2 | 4.6030 3.1808 
1.8 =§.507 | 30S | 463° | 4.7700 ~3.7021 
1.9 —3.3604 | 3.1644 | 4.4 4.8840 —4.1880 
2.0 —3.3431 3.2752 | 4.5 4.9459 —4.6330 
2A ~3.2867 3.3680 | 4.6 | 4.9568 ~5.0323 
2.2 —3.1862 sas. | 47 | 4.9180 —5.3825 
2.3 —3.0369 3.4923 | 4.8 | 4.8308 —5.6811 
2.4 —2.8350 3.5166 4.9 4.6959 —5 .9264 
2.5 —2.5787 3.5091 | 5.0 4.5142 ~6.1172 


| 
| 
| 
| 
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THE CYLINDRICAL ANTENNA WITH GAP 


BY 


RONOLD KING anp T. W. WINTERNITZ 
Cruft Laboratory and The Lyman Laboratory of Physics, Harvard University 


1. Introduction. In the King-Middleton theory of the center-driven cylindrical 
antenna’ current and impedance are defined in terms of a discontinuity in scalar 
potential. Such a driving mechanism is unavailable physically, since actual potential 
differences necessarily exist across finite distances. In practice, an antenna usually 
is connected to the conductors of a transmission line across which a potential dif- 
ference is maintained by a generator elsewhere along the line. A common arrangement 
is shown in Fig. 1. The antenna in Fig. 1 differs from a conductor center-driven by a 
discontinuity in scalar potential in several respects. First, there is a gap in place of a 
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Fic. 1. Antenna center-driven from a two-wire line. 


current-carrying section of conductor in the region between A and B or z= —6 and 
z=6. Second, a part of the space around the antenna is occupied by the two con- 
ductors of the transmission line carrying equal and opposite distributions of current 
and charge separated a finite distance b= 26. Third, there exist small junction regions 
(of magnitude comparable with the radius a of the conductors) where each half of 
the antenna joins one of the conductors of the line. These regions are not obviously a 
part of either the antenna alone or the line alone, and thus introduce an element of 
vagueness as to where the antenna ends and the line begins. 

The rigorous analysis of the complete circuit of Fig. 1 (as of most other electric 
networks including even a simple series circuit consisting of a coil and a condenser) 
is excessively difficult if formulated as a three-dimensional boundary-value problem 
in electromagnetic field-theory. Fortunately, it is possible to gain much in simplicity 
at the price of a measure of rigor by requiring the radius a of all conductors to be 
sufficiently small to satisfy the inequality, 


Bo = wa/vo = 27a/Xo K 1. (1) 


Subject to (1), it is a good approximation to assume that cross-sectional and axial 
distributions of current in conductors are independent, and so reduce the analysis 
of complex configurations to one-dimensional form. 


1 R. King and D. Middleton, Quart. Appl. Math. 3, 302 (1946). 
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2. One dimensional theory. The general formulation of one-dimensional electric 
circuit and antenna theory is available in the literature.':? 4.4.5 It is based on the funda- 


mental relations, 


— grad y — jwA = E, (2) 
divA+j eS y = 0, (3) 
@ 


where A is the Lorentz vector potential defined in general by (3) in conjunction with 
curl A = B, (4) 


A particular integral of the non-homogeneous wave equation in A obtained by sub- 
stituting (2), (3), (4) into the Maxwell equation is 


1 i’ I’ 
A=- -4 f — e~ BR,’ +f —e erga’ . (S) 
4rrvo T R Zz R 


where v9 =1/uo=107/4r meters/henry, i is the volume density of current, and 1 the 
surface density of current. R is the distance from the unprimed coordinate of the 
point where A is calculated to the primed coordinates locating the elements of integra- 
tion. In good conductors, only i is used; in perfect conductors, i is zero and | is re- 
* quired. Integration is carried out over all conductors of the circuit so that the vector 
potential A is uniquely defined by (5) and the scalar potential g by (3). 
For simplicity, let it be assumed that the dielectric is air and that the conductors 
may be treated as perfect in writing the following boundary conditions for the tan- 
gential component of the electric field: 


dg ‘ 
— + jwA, = — E, = 0 on the surface of the antenna; (6) 
Oz 

= ; 

—-+ jwA, = — E, = 0 on the surface of each line conductor. (7) 
Ox 


Since there are no currents in the y-direction, A, vanishes everywhere. Hence, (3) 


gives 


94, Az Bo 
— + —= +5 (8) 


on the antenna and on the line. Differentiation of (8) with respect to z and substitu- 


tion from (6) gives the following equation: 


0°A, 0°A, 


Oz? OzOx 








+ BoA, =0 (9) 


2R. W. P. King, Electromagnetic engineering, McGraw-Hill Book Co., New York, 1945, Vol. 1, Ch. 


VI and pp. 193-195. 
3 J. R. Carson, Bell Syst. Tech. Journal 6, No. 1 (1927). 
4A. T. Starr, Electric circuits and wave filters, Pitman Publishing Corp., New York, 1938, Ch. ITI, 


especially pp. 41-53. 
5 J. Aharoni, Antennae, Oxford Univ. Press, 1946, Ch. IT. 
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on the antenna. Similarly, differentiation of (8) with respect to x and substitution 
from (7) gives 
0°A, OA, 


Ox? Ox0z 





+ BA, =0 (10) 


‘on each conductor of the line. 

Since it has been assumed in (1) that all conductors have a radius a that is suffi- 
ciently small so that Bga<1 is a good approximation, the contributions to the vector 
potential at all outside points (including the surface of the conductor) due to the 
radial components of current in that conductor may be neglected compared with the 
contributions due to the axial components of current. This is equivalent to assuming 
that the currents in the antenna set up only a z2-component of the vector potential, 
the currents in the transmission line only an x-component of A. It has been shown*.? 
that if the current in a cylindrical conductor has rotational symmetry and the con- 
ductor is long compared with its radius, the vector potential on the surface of the 
conductor differs negligibly from the value it would have if the total current in the 
conductor were concentrated on the axis instead of being distributed in the manner 
predicted by skin-effect theory. That is, the component of the Lorentz potential on 
the surface of the antenna due to the axial currents in the antenna is given by 


1 “t 5 * §F 
A,= f e~ BoRadz! +f a c-itaas ‘ (11) 
=i _ = s R, 


a 








Similarly, on the surface of one of the conductors of the line, the component of the 
Lorentz potential due to the equal and opposite currents in both conductors is given 


1 2 e~ 180Ra e BoR 
ino r:| a: Jaw. (12) 
Anrvod o R, Ry 


by: 





Since A, is determined entirely from currents in the line and A, entirely from 
currents in the antenna, the terms with mixed derivatives in (9) and (10) represent 
coupling between line and antenna. This is signifrcant within distances from A and B 
(Fig. 1) that are not great compared with }b. At distances from A and B which are 
great compared with b, these terms are both negligible and the two equations reduce to 


07A 


z 2 
—— + BA, = 0 on the surface of the antenna, (13) 
Oz? 
07A z 2 t 
—— + BA, = 0 on the surface of each conductor of the line. (14) 
Ox? 


6 Ref. 2, pp. 239-243. 

7 QO. Zinke, Archiv fiir Elektrotechnik, 35, 67 (1941). This work of Zinke shows that the contributions 
to A, at z due to currents in different elements dz’ at z’ depend upon an effective radius r, that is smaller 
than a for |z—2’| <0.4@ and larger than a for |z—z’| >0.4a. The value of J* dz’/Ry where 


Re=V/ (2—2')? +77, 


differs from [* dz’/Ra, where Ra = \/(z—z')*+a? by less than 1% if s22.5a for high frequency values of 


skin depth in copper. 
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Of these equations, the first is the one solved in the King-Middleton analysis of the 
cylindrical antenna! by an extension of the method of Hallén;’ the second is that used 
in the fundamental derivation of the conventional transmission-line equations for 
current and voltage.® 

The derivation of the conventional transmission-line equation for current from 
(14) involves certain approximations since the current does not actually satisfy the 
transmission-line equation exactly, even for perfect conductors, as do both the vector 
and scalar potentials. The current can be made to satisfy the transmission-line equa- 
tions approximately only if the effect of radiation on the distribution of current is 
made negligible by imposing the inequality, 


Bob K 1, (15) 


and if, in addition, it is a good approximation to set 


Tz = [(As)1 + (Aa)2)/lo(x) (16) 
where 
r 1 b 1 : 1 b 4 
lo(x) = —- -| in ———TIn F(a) = — ]n — = I. (17) 
TV a 2 TV a 


The function F(x) reduces practically to unity!® at distances from the ends of the 
line which are great compared with b. Only when this is true, i.e., when 


(s — x)? > B?*; x* >> 5?; (18) 


does (17) give the conventional external inductance per unit lergth of line, Jj. On the 
other hand, at the ends where x =0 or s, F(x)=b/a, so that J{(x) is only one half of 
if, its normal value." Correspondingly, the capacitance per unit length, ¢=€ouo//5(x), 
becomes double the value far from the ends. Only when both (15) and (18) are satis- 
fied does the current obey the transmission-line equations to a good approximation. 

Summarizing, it is clear that subject to Boa <B)b<1 the conventional transmis- 
sion-line equations in the total current and the potential difference are good ap- 
proximations only at distances from the ends of the line that are reasonably large 
compared with the distance b between conductors. At such distances the line param- 
eters are quite constant and, in addition, the coupling between line and antenna due 
to the mixed derivative terms in (9) and (10) is negligible. , 

From the point of view of a three-dimensional boundary value problem in field 
theory in which the boundary conditions of the terminated line are satisfied using an 
expansion in terms of characteristic wave functions, the conditions (18) that make the 
conventional line equations good approximations are equivalent to specifying dis- 
tances from the ends of the line that are sufficiently great to make all exponentially 
damped higher modes negligible. Current and voltage are then represented to a good 
approximation by the dominant transmission-line mode.” 


8 E, Hallén, Theoretical investigations into the transmitting and receiving qualities of antennae, Nova 
Acta Uppsala, (4) 11, No. 4 (1938). 

9 See for example, Ref. 2, pp. 468-477. 

10 Ref. 2, p. 473, Eq. 185. 

11 E, M. Siegel, Univ. of Texas Publ., No. 4031 (1940). 

22 J, R. Carson, A.I.E.E. Journal, 43, 908 (1924). 
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3. Definition of impedance. Since the antenna in the circuit of Fig. 1 has been 
shown to be coupled to the adjacent parts of the transmission line, it is not possible 
to define for the antenna an impedance Z4g=Z; that is a function only of its own 
physical properties. It is, of course, possible to define the impedance of the antenna 
and an attached short section of transmission line that is sufficiently long so that 
coupling to the termination and end effects are negligible. The impedance so defined 
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Fics. 2a, b, c. Antenna center-driven in different ways from a two-wire line. 


may then be transformed to the actual location of the antenna using conventional line 
theory. This is the procedure commonly used both for wave guides and conventional 
lines in determining equivalent impedances or equivalent lumped-constant networks 
for discontinuities or terminations. Evidently an impedance so determined is not a 
characteristic property of the termination alone, e.g. the antenna in Fig. 1, but is that 
fictitious impedance that would have to terminate a particular line if this had the 
physically impossible property of having the conventional line equations everywhere 
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rigorously true, including regions near the junction with the termination. The in- 
vestigation of such equivalent or apparent impedances for an antenna driven in 
various ways from two-wire and coaxial lines is in progress both theoretically and 
experimentally. Three arrangements for a two-wire line different from that in Fig. 
1 are shown in Figs. 2a, b, c. A moment’s reflection suggests that the mixed derivative 
terms in (9) and (10), as well as the ratio [(A 2)1+(A,)2|/I. may have quite different 
values in the four circuits in Figs. 1 and 2 near the antenna. Therefore, it is not to be 
expected that the equivalent dominant mode impedances will be the same in the 
four cases even when the antennas themselves and the gap between their halves are 
made identical. The quantitative effect of these special differences is not the subject 
of this paper. 

The present purpose is to generalize the King-Middleton theory as much as pos- 
sible without limiting it specifically to one of the circuits shown in Figs. 1 and 2, or 
to any other. What can be determined in general is the effect on the current and 
impedance of a cylindrical antenna with hemispherical caps of a gap of length '26 
between the halves of the antenna, across which a scalar potential difference V4 is 
maintained in an unspecified manner. The driving potential difference is to be meas- 
ured between adjacent rings on the cylindrical surfaces of the two halves of the an- 
tenna. Depending upon the nature of the actual driving circuit, there may be exposed 
flat-end surfaces if the cylinders are solid, or inner surfaces and sharp edges if they 
are tubes, or elbows, or other junction regions. These are not included in the anal- 
ysis. In simple cases, they may constitute a capacitance in parallel with the antenna, 
or they may be part of a four-terminal network, or account may be taken of them in 
other ways in the analysis of an actual circuit such as is shown in Figs. 1 and 2. In 
any event, they constitute a part of the problem of a particular complete circuit, not 
of the general effect of a separation of the halves of a symmetrical antenna insofar 
as the interaction of currents and charges in its cylindrical surfaces are concerned. 
These alone are considered here. 

The impedance calculated in the next section is, by definition, the ratio of the 
scalar potential difference maintained across equipotential rings separated a distanc? 
26 and the total axial current entering the antenna across planes bounded by these 
rings. In good conductors, most of the current is in a relatively thin layer near the 
surface so that, as shown by Zinke,’ the entire current may be assumed concentrated 
at one half the skin depth. (Note that the vector potential on the surface of the con- 
ductor is always defined outside the region of non-vanishing current density.) The 
impedance is defined as follows :'* 


13 A definition of impedance in terms of scalar potential difference instead of the line integral of the 
electric field as used by other writers'"5.'6.17 js preferred because the scalar potential difference is uniquely 
defined, whereas the line integral of the electric field depends upon the path of integration. The line integral 
of the electric field coincides with the scalar potential difference only when a path is chosen along which w 
times the line integral of the vector potential vanishes or is negligible, as along a radial path in transmis- 
sion lines sufficiently far from the termination. It is difficult to see how in conventional one-dimensional 
circuits involving conductors of small cross-section the impedance of a part of a circuit connected to 
terminals that are separated a finite distance can be defined consistently except in terms of the scalar 
potential difference maintained across those terminals. For example, the reactive drop across a loosely 
wound coil of a few turns of wire is not correctly given by the line integral of the electric field along any 
path. This is most easily seen if the coil degenerates into a straight conductor when the line integral of the 
electric field along the conductor does not include the inductive reactive drop at all, although it is the 
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poe ae gi) ~ d—-®. (19) 
I; 

4. Theoretical analysis. The integral equation for the current in the cylindrical 
antenna which has its halves separated by a gap 26 differs from the former Eq. (8), 
Ref. 1, primarily in the limits of integration and in the phase of the cosine function. 
Thus, the equation for the upper half of the antenna is: 


tarvoA, [ 

jan Bi ae ' 

——— E cos Bo(z — 6) + $V sin Boz — zcos aw f I(s) sin Bo(z — sys | 
R.. cos Bod 3 


h 
T Ro ¢~ oR dz! +f T,,R-¢e~ BRd2! 
5 


(6S: h). (20) 


The following symmetry conditions are satisfied: 
I(— z) = I(z); A,(— 2) = A,(z). (21) 
For perfect conductors z‘=0. The solution of (20) is carried out by the same method of 


successive approximations. The mth order current corresponding to (24) of Ref. 1, 


and to which it reduces with 6=0, is 


— sin Bo(h — 2) + > M,(2)/¥" 
j2nv, n=1 
ee . Piaiiecomoneiigieiewinens: — ill 











m 


cos Bo(h — 6) + cos Bod >, F.(h)/~" + sin Bod >. Ga(h)/ 


n=1 n=1 
(S2Sh): 
The functions M3(z), Fi(h), and G’(h) are like the functions M,(z), F,(h), and G,(h) 
previously defined but with limits of integration from —h to —6, 6 to h, instead of 


from —h toh. 
The mth order impedance corresponding to (29) in Ref. 1 is 


cos Bo(h — 6) + cos Bob >, F*(h) y" + sin Bod >. G.(h) ‘y” 
n=1 


|R. n= : 
(Zs) = = PE 


sin Bo(h — 6) + >> M,(8), y” 
n=! 








principle contribution to the impedance if the conductor is copper. On the other hand, if the scalar poten- 
tial difference is used both ohmic resistance and inductive reactance drops are included. 

In this connection, it is well to note that the field impedances in wave-guide theory defined in terms 
of line integrals of the electric field are not simply generalizations of circuit impedances in one-dimensional 
theory. Rather, they are quantities that have properties analogous to those of circuit impedances but in 
terms of quite different and much more arbitrary variables than are scalar potential difference and total 
current in conductors of small cross-section. 

4 J. A. Stratton and L. J. Chu, J. Appl. Phys. 12, 230 (1941). 

1% S. A. Schelkunoff, Proc. I.R.E., 29, 493 (1941). 

16 L. Infeld, Univ. of Toronto, Radiation Theory, Report No. 2 (1942). 

17 J. L. Synge, Univ. of Toronto, Radiation Theory, Report No. 4 (1942). 
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In so far as the formal theoretical analysis is concerned, there is no restriction regard- 
ing the gap length 26. In practice, one-dimensional circuit impedances are useful 
primarily for terminals that are close together compared with the wavelength. Hence, 
a reasonable restriction on the gap is 


Bos K 1. (24) 

Subject to (24) it is possible to expand the current (22) in a Maclaurin series in 

powers of the small quantity 85. For sufficiently small values only the first two terms 
are required, viz., 


OT .(Bo5) 
T (Bod) = [T,(B05) |s-0 + B s| | ‘ (25) 
ies eo 
The current at the driving-point is at z=6. Hence, setting z=6 in (25), 
s(Bod) 
T5(Bo5) = T,(0) + as| — —| e (26) 
OBo &=0 


{n (26), Io(0) is the driving point current calculated by King and Middleton and given 
in Ref. 1 by equation (24). Thus, 


T;(805) = To(0)[1 — €], (27) 
where 
5 I 6 
ewe’ —jé=— =. E Be | : (28) 
T,(0) OB 5=0 


In expanded form,'® 


cos Boh + +F i(h), Wy + Fe (h) ; ls sti 
“i8oh (1 — cos Bolt) + [F (0) —F pe i 


{et Boh + Gil ‘h) v + G2(h), v +. 

a 2 

y Boh cos 1s Boh + F,(h), v+F; (h)/y? + - 
2 


PA Om a Ah he Cran (29) 
ae Boh sin Boh + M,(0)/y + M,(0)/y? + 
The impedance (23) may be obtained from (25) by noting that 
Z3/Zo = I,(0)/Ts(6) = 1/(1 — ©), (30) 


so that, 


Ro(i — e’’) + lll 
Rs = —————__-—-— 31 
’ Ge)? + @) (31) 


X (1 — es = ~ Roe’ 


X, = ———_ (32) 








18 The differentiation is straightforward; use is made of the relation F,(z) sin Boh —G,(z) cos Boh = 
with F,(z) and G,(z) as in Ref. 1. 
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Fic. 7. Second order Ro—R;, Xo—X¢ for several values of Bos with 2 =2In(2h/a) =10. 
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Fic. 8. Same as Fig. 7 with Q=15. 
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Fic. 10. Second order Ro as a function of Boh. 
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Fic. 11. Second order Xo as a function of Boh. (Small errors in the curves of Figs. 17-19 in Ref. 1 
have been corrected in these curves.) 
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Fic. 12. Second order Xo near resonance and anti-resonance. 
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Fic. 13. Second order resonant and anti-resonant values of Ro; Ro and Xo at Boh=x/2; r/2—Bohtres. 


and r—BoManti-res. aS functions of Q. 


The first and second order correction factors in the form 6¢€/h are shown in Figs. 3-6 
as functions of Boh for three values of 2=2/n(2h/a). It is seen that the correction 
is significant primarily near Boh =2/2, 34/2, etc. Curves showing second order values 
of Ro—R; and Xo—X; are found in Figs. 7—9 for several values of 896 and with 
Q=10, 15, 20. 

5. Conclusion. The King-Middleton theory for the cylindrical antenna has been 
generalized to show the effect of a finite gap on the current and the impedance. The 
analysis shows that for small gaps the impedance is not very sensitive to gap length 
so that impedances calculated for zero gap are good approximations for a large class 
of antennas for which 696 <0.01. If 896 20.01 the correction curves of Figs. 7-9 may 
be used in conjunction with the curves of Figs. 10-13 for Ry and Xo. It is interesting 
to note that for Boh near 7/2 the impedance Z; corrected for the gap differs negligibly 
from the uncorrected value Zo if the actual conductor half-length 4 — 4 is used instead 
of h. This is not true for Boh near z. 
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AERODYNAMICS OF THIN QUADRILATERAL WINGS 
AT SUPERSONIC SPEEDS* 


BY 


ROBERT M. SNOW 
The Johns Hopkins University 


1. Introduction. The method of conical fields, due to Busemann,! furnishes 
a powerful tool for the study of linearized supersonic flow around obstacles of 
special type. An appropriate application is to plane (infinitely thin) wings at small 
angles of attack. The present paper is devoted to a study of the supersonic aerody- 
namics of some of the more interesting special cases of quadrilateral planform. The 
application of the formulae obtained to a more general polygonal planform is sug- 
gested, and a procedure is given for accurately taking account of a dihedral bend in 
the wing. Modifications due to wing thickness, viscous effects, and interference effects 
(with a fuselage or with other wings) are beyond the scope of this method. 
Since the general theory has been discussed by Stewart? recently in this journal, 
a brief description of the method will suffice. A conical field corresponds to a linear 
homogeneous solution of the linearized (or Prandtl-Glauert) potential equation for 
supersonic flow: 
bh ah yu? 1 a°*h 1 
ant t dy? ( - (1) 
Here M is the Mach number of the main stream, which is moving along the z-axis. 
The perturbation velocity components (u, v, w) are also solutions of Eq. (1) and are 
homogeneous of degree zero, i.e., u, v, and w are constant along any ray emanating 
from the origin. The particular simplicity of conical fields lies in the fact that after 
a transformation® the perturbation velocity components are obtained a ssolutions of 
Laplace’s equation in two variables. Let x, y, s be rectangular coordinates with 
respect to a set of axes fixed in the wingtip, with the z-axis pointing downstream, the 
y-axis normal to the wing, and the x-axis directed spanwise away from the wing. If 


@ = arc tan y/x, R= V/x?+ y?/z, A = tanyw = (M? — 1)-!/?, 


then the transformation 


(i -vyi- R?/A*) ' 2 4 — | | 
= ——} ee /- — i, R = 2Ar/(1 + r?) (2) 
(1+ V1- R2/A24 R R 


* Received Oct. 28, 1946. This paper is based on work done for the Bureau of Ordnance under con- 
tract NORD 7386. The author is indebted to Dr. L. L. Cronvich for valuable discussion and advice. 

1A. Busemann, Infinitesimale kegelige Ueberschallstroemung, Schriften Deutsch. Akad. Luftfahrt- 
forschung, 7, 105-121 (1943). 

2H. J. Stewart, The lift of a Delta wing at supersonic speeds, Quart. Appl. Math. 4, 246-254 (1946). 

3 Busemann credits this transformation to Chaplygin, who made use of it in a formally similar prob- 
lem. Cf. S. Chaplygin. Gas jets, Part V, Scientific Memoirs, Moscow University, 1902. Translated from 
the Russian as NACA Tech. Memo. No. 1063. See also the translation published in mimeographed form 
by Brown University in 1944, 
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is such that homogeneous functions of degree zero which satisfy Eq. (1) also satisfy 
Laplace’s equation in the polar coordinates (7, ¢). The evaluation of the streamwise 
component (w) of perturbation velocity is of primary importance since the aerody- 
namic forces on the wing are determined by w alone. This follows from the linearized 
Bernoulli equation, 

Pp = po — poW x, (3) 


which like Eq. (1), results from neglecting squares and products of perturbation 
velocities in the corresponding exact equation, In many problems of this type, 
including those considered here, the boundary conditions are such that w may be 
determined directly without further reference to the components wu and v. 

2. Characteristic cones. Boundary conditions. To illustrate the type of boundary 
condition needed to determine the conical field, consider the special case of a rec- 
tangular wing. This rectangular wing may be regarded as the result of cutting the 
ends off of a two-dimensional airfoil. This operation causes a modification in the 
(originally two-dimensional) flow; this modification may be referred to as the “tip 
effect.” In this connection a fundamental distinction should be made between sub- 
sonic flow and supersonic flow. For subsonic flow (differential equation of elliptic 
type) the tip effect dies off asymptotically with increasing distance inboard. For 


I 











i 


Fic. 1. Flow for rectangular wing, section by plane perpendicular to stream. 
I—Flow same as for flow about infinite span airfoil. 
I1I—Conical field. 
I]1I]—Free stream. 


supersonic flow (differential equation of hyperbolic type) the tip effect falls to zero 
at a certain finite distance, and the entire effect is contained within a region bounded 
by real characteristic surfaces. For linearized supersonic flow, the domain of influence 
of any point is bounded by a “Mach cone,” which is (one nappe of) a cone opening 
downstream with semi-vertex angle equal to the Mach angle wu. Fig. 1 represents a 
section by a plane perpendicular to the main stream. The Mach cones from the tips 
of the leading edge divide this plane into three types of regions. In the central region 
(I) the flow is in all respects the same as if the wing were of infinite span, since no point 
of this central region lies in the domain of influence of any point removed in the 
mental process of obtaining the rectangular wing from an airfoil of infinite span. On 
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the other hand the perturbation velocity components are zero in the exterior region 
(III), since no point of this region lies in the domain of influence of any point on the 
rectangular wing. The requirement of continuity leads to boundary conditions which 
must be satisfied by the perturbation velocity components u, v, won the boundary of 
each conical transition region (II). In the boundary between region (II) and (III), 
u, v, and w must vanish. On the boundary between regions (I) and (II), u, v, w take 
on the (constant, two-dimensional) values of region (I). 

Similar remarks apply to the example of a swept-back leading edge (Fig. 2). The 
two lines forming the leading edge are of course finite in the actual case, but the effect 
of their finiteness, so to speak, will be confined by characteristic cones passing through 
the points at which the leading edge changes direction. The possibility of treating 











Fic. 2. Flow for swept-back leading edge. 
Above, planform for definition of symbols. Airflow is toward bottom of page. 
Below, section by plane perpendicular to stream. 
I,—Flow same as for infinite span airfoil at angle of yaw x/2—6. 
I,—Flow same as for infinite span airfoil at angle of yaw x/2—8,. 
I1 —Conical field. 
II] —Free stream. 


more general polygonal wings by this method follows from these remarks. For the 
polygons which may be thus treated there are isolated regions of uniform flow (identi- 
cal with the flow for an infinite wing at a certain angle of yaw) separated by regions 
of transition in the Mach cones which start from each vertex of the polygon and open 
downstream. It is convenient in the following to refer to these special Mach cones 
simply as “the Mach cones” or “the Mach cone.” 

Boundary conditions must also be given over that part of the wing which lies 
inside the Mach cone. The velocity component normal to the wing must have the 
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same value as on the rest of the wing, because of the condition that there be no flow 
through the wing. The boundary condition for w is that the normal derivative of w 
be zero on the wing. This follows from the requirement of irrotationality (implicit 
in the use of the potential ©), so that dw/dy =0v/dz, and the condition that v is con- 
stant on the wing. The fact that the wing does not lie exactly in the plane y=0 is- 
neglected; this has no effect on the first order perturbation. This simplification is 
made throughout, so that the angle of attack enters only in the boundary values and 
not in the position of the boundaries. 

3. Bent leading edge. The basic flow problem which we shall solve is sketched in 
Fig. 2. The angles 6; and 6: are not necessarily acute, as in the case drawn, but each 
is assumed to lie in the range 4<6<a—y. To simplify the immediate discussion it is 
assumed that the angle of the leading edge points upstream, so that 6;+6.<z7; it is 
shown in the next section that the formulae obtained are valid without this restric- 
tion. Evidently the wing cleaves the problem into two separate problems which may 
be treated independently. Attention may be confined to the upper half, since the 
solution for the lower half differs only in sign. The points on the circle for which 
@=6, and ¢=7—f, mark the tangency of the plane Mach waves from the leading 
edge with the Mach cone. By elementary geometry, cos 6,=tan w/tan 4), cos Bz 
=tan w/tan ds. From a consideration of the “domains of influence,” it is seen that the 
flow in the regions I), Is, and III is as indicated in the legend to Fig. 2. The normal 
derivative of w vanishes on the wing. All three components of perturbation velocity 
vanish on the arc 81 <@ <7 —£2; on the other two arcs the boundary conditions are to 
be obtained from the essentially two-dimensional problem of an infinite span airfoil 
at an angle of yaw, to which we now turn. 

Let 6 be the angle between the main stream direction and the leading edge of an 
airfoil of infinite span, so that (7/2)—6 is the angle of yaw. It is assumed that 
u<6<ma—w. The uniform flow W may be considered as a superposition of a uniform 
flow at velocity W cos 6 parallel to the leading edge, giving rise to no perturbation, 
and a flow perpendicular to the leading edge at velocity Wi=W sin 6 and effective 
Mach number M,=M sin 6. The effective angle of attack (a) for this second flow is 
measured in a plane perpendicular to the leading edge; it is related to the streamwise 
angle of attack (a), measured in a plane containing the stream direction and perpen- 
dicular to the plane of the wing for zero angle of attack, by the formula 


tan a = tan a, sin 6. 


Within the limits of validity of the linear theory we need not distinguish between the 
angle of attack and its tangent, so that a=q;, sin 6. For a plane airfoil of infinite span 
and not yawed, the streamwise component (w) of perturbation velocity is 


w= aW tanu = aW/\/M? —1= w,. 


To obtain the chordwise component of perturbation velocity for an airfoil at an angle 
of yaw (x/2)=6, replace a, W, M by am, Wi, Mi. The streamwise component of 
perturbation velocity follows from multiplication by sin 6: 


w = aW, sin 6/\/M? — 1 = aW sin 6/\/ M? sin? 6 — 1, 


1948) AERODYNAMICS OF THIN QUADRILATERAL WINGS 421 


or 
w = w,,/sin 8B, (4) 
where, as before, cos B=tan p/tan 6. 
To summarize, the boundary conditions for w on the upper semicircle are 
w= w,/sinB; = K,; for 0<@< fi, j=]; 
w= 0 for Bi<@<27— fr = 1, 
w= w,/sinBe = Ke for r—B.< @< 2,7 =1. 
The potential problem which is now uniquely determined in the upper semicircle 


may be written out immediately as a Fourier seres. This is a cosine series only, 
because of the condition that dw/dn=0 for ¢=0 and for ¢=7. 


BiKi + Boke a : Bi : © 
ail —-+— Qi rcos no 4Ki cos nudu + Ks f cos nudu 
0 x—f. } 


T T n=! -Be 





BiKki+ B2K, Ki ( r sin (@ + Bi) r sin (@ — B,) \ 
+ — fare tan —— ———— — arc taa ————_——_——_—— 
1 — rcos (@ + B)) 1 — rcos (@ — B) 
Ko f , r sin (@ + Be) r sin (@ — Be) \ 
= arc tan saunas - _ a a" . _ ° 
\ 1+ rcos (@ + Bs) 1+ rcos (@ — Bs) J 


T 


T T 


(5) 


— arc tan 


In Eq. (5) each inverse tangent is restricted to its principal values (—7/2 to +7/2). 
In the symmetrical case 6; = 62, the expression for w on the wing (¢ =0, 7) simplifies 


to 
2K r? sin 28 2 We tan B 
w = — 6 + arc tan ——————_p> = — ——arc tan —————— (6) 
1 1 — r? cos 28 x sing V1 — R?*/A? 
Returning to the general case (6; and 6, not necessarily equal) we seek the average 


value of w along the segment of a spanwise line (i.e., perpendicular to the stream) 
cut off by the Mach cone. It is necessary to evaluate integrals such as 


1 A r sin y 
— arc tan ——————— dR. 
A Jo 1—rcosy 


Since R/A =2r/(1+r?), integration by parts leads to 


Ds. r sin y 
| arc tan ——————— dR = (a tan y)/4 + (1 — sec y)(a — y)/2, (0< ¥ < 2m). 
A Jo 1—rcosy 


Using this result it is found that the average value sought is 
w = [K,(1 + tan @; — sec B;) + K2(1 + tan B2 — sec By) ]/2. (7) 


4. Case of intersecting envelopes. For treating forward sweep or dihedral, it is 
necessary to discuss the plane waves from the leading edge in more detail. On one side 
there is a weak shock wave and on the other side a weak expansion wave; however, 
in the linear theory the distinction between shock waves and expansion waves dis- 








422 ROBERT M. SNOW [Vol. V, No. 4 


appeats.* Both are regarded merely as surfaces of discontinuity, which can occur only 
across the envelope of Mach cones with vertex on the leading edge. As the simplest 
example Fig. 3 shows a section perpendicular to the main stream for the case of a 
wing with dihedral and with the leading edge perpendicular to the main stream. The 
situation for a plane wing with forward sweep would differ only in that the trace 
LMN of the wing in Fig. 3 would be straight, and overlapping of the plane waves 
would occur over the bottom arc as well as the top. 





4 6 
L N 
. q 


Fic. 3. Wing with dihedral, section by plane perpendicular to stream. 
In case drawn, leading edge is perpendicular to stream. 


The envelope of all Mach cones with vertex on LM consists of two half planes 
with traces AC and ac. Similarly the Mach cones with vertex on MN give rise to the 
envelope represented by FG and fg. It is important to notice that no arc of the circle 
is part of either envelope. Within the bounds of the linear theory, shock waves or 
rarefaction waves intersect without mutual interference, and the perturbations 
caused by each are additive. In the region GBCDN the flow is uniform; in the region 
ABFEL there is another uniform flow; in the region between FBC and the circle the 
flow is also uniform, since the components of the perturbation velocity are obtained 
by addition of the components of perturbation velocity for the other two uniform 
flows. This completes the specification of the boundary conditions for the upper part 
of the circle. Whether we are dealing with uw, v, or w, the sought function assumes 
a constant value of EF, another constant value of CD (both of these constants ob- 


* The entropy increase is of the third order in the perturbation velocity components, whereas the 
linear theory retains only the first order. It is this fact which makes possible the usual two-dimensional 
linear and second order calculations, in which the pressure is determined by local conditions and does not 
depend on the history of the flow up to that point. 
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tainable from two dimensional theory), and a constant value of the arc FC, namely 
the sum of the other two constants. The boundary conditions for the lower part of 
Fig. 3 present. nothing new; u, v, and w take on calculable (constant) values on the 
arcs Ec and fD, and the value zero on the arc cf. 

Review of the problem illustrated by Fig. 2 now shows that the analysis given 
holds also for the case of a wing with forward sweep, i.e., with the angle pointing 
downstream; the only difference is a slight modification of Fig. 2. 

5. Trapezoidal wing. We are now in a position to study the lift coefficient and 
center of pressure for the symmetrical trapezoidal wing shown in Fig. 4. The leading 
and trailing edges are perpendicular to the main stream, and the tip angle (4) is 











Fic. 4. 


greater than the Mach angle. Since the leading edge of perpendicular to the stream, 
52 =68.2=7/2, and the subscript may be dropped from 6; and {;. In the region I, 
w/w. =1. In the region II, the average w is found from Eq. (7): 


w/w, = 1/2 + (1 + tan B — sec B)/2 sin B. 
In the region III, #/w,,=1/sin 8B. On taking the average of these quantities, weighted 
according to the area in which each applies, it is found that 
C1/Cie = 1, (8) 


where C,,. is the lift coefficient for an infinite span airfoil with leading edge per- 
pendicular to the stream. Similarly the center of pressure is found to lie behind the 
leading edge by the distance 


z= c(1+c tan 6/3s)/2. (9) 
Thus in this case the lift coefficient and center of pressure are the same as tf the wing were 


subject to the uniform lift distribution of an infinite span airfoil. The actual lift is not 
uniform; in the region I the lift is that of an infinite span airfoil; in the region II the 


12 
10 g arial 
a. 
3S 
8 -| 0 1 


Fic. 5. Spanwise pressure distribution for wing shown in Fig. 4. 6=45°, 7=30°(M=2). 
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life is less, and in the region III the lift is greater by just enough to compensate for 
the decreased lift in II. As an example, Fig. 5 shows the spanwise pressure distribu- 
tion for the case 6=45°, u=30° (M=2). 

The above discussion, and the manner of drawing Figs. 4 and 5, assumed that the 
two Mach cones from the tips do not intersect on the wing. However, this restriction 
is seen to be unnecessary. If ®; is the (disturbance) potential inside one of the cones, 
®, the potential inside the other cone, and ®,, the potential for a wing-of infinite 
span with leading edge perpendicular to the stream, then in the region common to 
the two cones the potential is b= %,+4,—®,,. To verify this, it may be noted that 
®,, ®, and ®,, are solutions of the Prandtl-Glauert Eq. (1), and since that equation 
is linear, ® is a solution as well. Also ® and its first derivatives (u, v, w) are continuous 
across the conical surfaces bounding the region in question. We may say that the “tip 
effects” from the two tips are additive, since the equation defining ® may be written 


(b,, — &) = (4,, — ©) + (@, — %.). 


(It will be noticed that the flow in the region in question is not a conical field. In 
general, the result of superposing two conical fields with different vertices is not a 
conical field, although it approaches a conical field asymptotically downstream.) 
Utilizing this result, it is easily seen that the results for lift coefficient and center of 
pressure are unaffected by the overlapping of the two conical fields. 

6. General symmetrical quadrilateral. We turn now to the problem of a quadri- 
lateral which is symmetrical about a diagonal, that diagonal being parallel to the 
stream and of length c. The semi-vertex angles at the nose and tail, say 6 and 6, 
respectively, are not necessarily acute angles (see Fig. 7 for the various possibilities) ; 
it is assumed only that each lies in the range wu to r—u. It is, of course, necessary that 
6+6; <T. 

The forward pointing triangle is a special case, 6:=72/2. It is also a special case 
of the trapezoid; setting s, =0 or s=c tan 6 in Eqs. (8) and (9) leads to 


C,/Crie. = 1, g = 2¢/3. (10) 
Here c is the distance from the vertex to the trailing edge. Fig. 6 shows the pressure 


distribution spanwise for the case 6=45°, 1=30° (M=2). Fig. 6 is, of course, ap- 
plicable to any other case for which tan 6= 4/3 tan yp, by a uniform change of scale. 


12 
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Fic. 6. Spanwise pressure distribution for forward pointing triangle. 
Semi-vertex angle 6=45°. Mach angle n.=30° (M=2). 
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For the general quadrilateral of Fig. 7, the pressure distribution is given by Eq. 
(6), in connection with Eq. (3). In deriving Eq. (6) it was perhaps tacitly implied 
that the planform of the wing consists of two semi-infinite lines, but a consideration 
of “domains of influence” shows that the requirement 6,>y is sufficient to ensure 


(2) 





AIRFLOW 
DIRECTION 





(c) 


ow 
<= 


Fic. 7. 
that Eq. (6) holds at every point on the wing. The most convenient procedure for 


finding the average pressure over the wing is to integrate along any line (AB in Fig. 
7) parallel to the trailing edge on one side. This gives for the average value of w, by 


Eq. (6), 
We 4 2 tan 8 ‘2 fee 
ee ee eee ee 
sinBLJo V1-—\ ty } 0 
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where 
= R/A, t = d sec 6,/(A + sec B;), 


hy = thet = sin p/sin (u + 61), t= t|, sec 8 = sin 5/sin (6 oh 6}). 


at 2 B, sin 26 - — B sin 1 281 
CL/CLe = W/We = . (11) 
a sin B; sin 26 — sin 1B: sin 2B; 


The angles 8 and f; are, of course, to be measured in radians. This expression for 
Cz/Cr. is symmetric in the two angles 8 and (;, and therefore ts unchanged by inter- 
changing 6 and 4. 

The center of pressure is at z=2c(1—/ cos 6:)/3, where # is the weighted average 
of ¢ along AB, with weights proportional to the pressure. It is found that 


a 3 tan B 
#-— arc tan — -di+ "dt 
0 T V1 —_ ? 


tcos 6; = cos 6; (12) 


“ 2 tan B 
f arc tan ; dt aka 
70 T V1 


1 cos? B; + cos? B sin n 26 sin 261 — 2B, cos 2p, 
7 wo lala aE ae (13) 


2 cos? 6; — cos?B 2 sin? By 28, sin 2B _ 2B s sin 2B, 


These formulae contain as special cases the forward pointing triangle (8; =7/2) 
and the backward pointing triangle (8 =7/2). For these triangles, the invariance of 
lift coefficient (and in this particular case, the center of pressure also) with respect 
to reversal of the flow direction may be easily verified. It has already been shown 
that lift coefficient and center of pressure for the forward pointing triangle are the 
same as if the pressure were uniform (which it is not; cf. Fig. 6). For the backward 
pointing triangle the pressure 7s uniform. Reversal of direction of flow thus causes a 
radical change in pressure distribution in general, even though it does not alter the 
lift coefficient, for these quadrilateral wings. 

Another special case of interest is the diamond (6,=6, 6B; =). In this case Eqs. 
(11) and (12) reduce to 


C1/Cix = (sin 28 — 28 cos 28)/x sin* B at4) 
Z 1 — 26 sin? * 28/ 3(sin 28 — 26 cos 28) (15 
a a , 5) 
c 1 — cos 2B 


Using Eqs. (14) and (15), the lift coefficient and center of pressure for a diamond have 
been evaluated and are presented in the following table. It is seen at once that the 
property of invariance under reversal of flow direction, which was found to hold for 
Cz, does not in general apply to the center of pressure. If such were the case the center 
of pressure of the diamond would necessarily be at z=c/2. From Table 1 it is seen 
that the center of pressure of a diamond actually lies forward of the midpoint, though 
never forward of 7c/15 as long as 6>un. 
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TABLE 1 
B 0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
Cz/Cie 8488 8511 .8592 .8720 .8897 .9120 .9376 .9646 .9885 1.0000 
z/c .4667 .4671 .4658 .4709 .4743 .4788 .4842 .4905 .4966 .5000 





tané/tanu | 1.000 1.015 1.064 1.155 1.305 1.556 2.000 2.924 5.759 a“ 


7. Dihedral. The case of a wing with dihedral, which may be combined with 
forward or backward sweep at the dihedral point, is reducible by a conformal trans- 
formation to the case of a simple bend in the leading edge of a flat wing. In Fig. 8, 
the angle ¢=0 has been taken in the wing (with no loss of generality). Let y be the 
radian measure of the arc of the circle subtended by the wing. The part of the circle 
not drawn refers to an independent problem of the same type, with a different +. 
The angles 8; and B, have the same meaning as in the plane case. In the case shown, 
8:+82<y (which incidentally corresponds to considerable sweepback in this case), 
but this condition is not essential, and is assumed here merely to simplify the drawing. 


-_-- 
~ 
we Y et 
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The potential problem to be solved in the 7, ¢ plane involves the following 
boundary conditions: 
w/o = 0 for @¢=O0o0ry, (0<7r <1), 
w= kK, for 0<¢< Afi, y = I, 
w=0 for Bi<@<y-—f2,7r = 1, 
w=K, for y—-he<o@<y, r=1. 
The transformation e’=e"/7 maps the relevant part of the unit circle in the 
e=re® plane into the upper half of the unit circle in the e’ =r’e*’ plane. It is clear 
that w is given by Eq. (5) with r replaced by r*/7, and every angle ((;, 82, @) mul- 


tiplied by 7/y. 
It remains to specify 61, 2, Ki, K, in termsof the geometry of the wing. As in the 


plane case, 
cos 6; = tan w/tan 4, cos B2 = tan w/tan de, 


where 6, and 6; are the angles from the main stream direction to the leading edge. The 








428 ROBERT M. SNOW 


boundary values K, and K, are given by the same expression as for a plane wing, except 
that the angle of attack is now, in general, different for each plane of the wing. Writ- 
ing a; and a» for these “local” angles of attack, one finds that 


K, = a,W tan p/sin B,, Ke = a2W tan p/sin Bs. 


It is interesting to note that in the case of symmetry (6: =52, a1 =a) there is a 
certain dihedral, namely y = 28, for which the boundary condition is w=K over the 
entire arc y so that the flow is uniform in the whole sector. 

The restriction 8:+$2<~¥y is seen to be non-essential as in the previous case of a 
bent leading edge. Also it should be pointed out that for a wing with upswept di- 
hedral (y <7 for the upper surface) the lift is decreased in magnitude. 

These formulae may be applied to a perpendicular vane at the tip of a rectangular 
wing, the vane being large enough to project through the Mach cone. This may be 
regarded as an example of a wing with dihedral, one of the angles of attack being zero. 

If the vane extends both above and below the wing, the lift remains constant to 
the end of the wing. If the vane is confined to either the top or the bottom of the 
wing, the lift decreases moving along a span line toward the wingtip; the lift at the 
tip is 1/3 of the lift in the central region of the wing, and the spanwise average from 
tip to Mach cone is found by integration to be (1—2/3+/3) of the lift in the central 


region. 
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ON AXIALLY SYMMETRIC FLOWS* 


BY 


ALEXANDER WEINSTEIN 
Carnegie Institute of Technology 


1. Introduction. The determination of the irrotational flow of a perfect incom- 
pressible fluid around a given body constitutes a boundary value problem which can 
be solved by methods of Potential Theory. However, this theoretical solution has 
found little practical application. 

In the case of a solid of revolution, an indirect but more efficient approach is given 
by the method of sources and sinks, which may be called an inverse method in the 
same sense in which this term is used in Elasticity and elsewhere in Hydrodynamics. 
The body of revolution cannot be prescribed but only approximated to a certain 
extent by the flow due to a suitable distribution of sources and sinks in joint action 
with a parallel uniform flow coming from infinity. As a compensation for this draw- 
back, the approximating flows are given by explicit formulae which are often suitable 
for numerical computations. 

The method of sources and sinks was originally confined to the case of plane 
motion until Stokes’ generalization of the concept of stream function enabled Rankine 
in 1871 to adapt the method to axially symmetric flows. In the succeeding decades 
various examples were given and applied to the pressure distribution around airships. 
However, the possibilities implied by the method were far from being exhausted. In 
fact, up to the present day no other flows have been considered but such as are due 
to a distribution of sources, sinks, and doublets exclusively on the axis of symmetry. 
Let us consider, for instance, the case in which the direction of the parallel flow coin- 
cides with the axis of symmetry. In this case—the only one which will be discussed 
in the present paper—it has been already noticed by Munk’ that blunt nosed bodies 
cannot be obtained by taking any distribution of sources and sinks on the axis. 

The present paper deals with an extension of the method of sources and sinks. The 
sources and sinks are no longer confined to the axis but are distributed on circum- 
ferences, rings, discs and cylinders. The distribution must of course be symmetric 
with respect to the axis of revolution, but for practical purposes the choice is re- 
stricted to such cases in which the stream function can be explicitly computed in 
terms of known functions. We shall use here Beltrami’s fundamental results obtained 
in a series of papers published in 1878-80. The importance of Beltrami’s results for 
the theory of hydrodynamical flows has been completely overlooked. A serious error 
in his paper requiring a modification of nearly all his formulae does not seem to have 
been noticed. In fact, Beltrami, who applies his formulae chiefly to problems of Po- 
tential Theory and Electrostatics, fails to recognize that Stokes’ stream function is, 
in many of his formulae, a many valued function. It is interesting to note that this 


* Received Dec. 12, 1946. This paper was written in connection with work done at Harvard Univer- 
sity at the request of the Bureau of Ordnance, U. S. Navy. The author wishes to express his gratitude to 
Professor Garrett Birkhoff for his kind interest and cooperation. 

1M. M. Munk in Aerodynamic theory (edited by W. F. Durand) vol. 1, J. Springer, Berlin, 1934, p. 


266. 
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property of Stokes’ function, which should be expected to hold rather as a rule than 
as an exception, is never mentioned in the literature on Hydrodynamics while the 
corresponding property of the stream function for plane motion is one of the basic 
concepts of the theory. 

A superposition of the flow due to our sources and of a uniform flow in the direc- 
tion of the axis of symmetry will give us some essentially new types of flows, in par- 
ticular, flows around blunt nosed profiles. Up to the present date, only isolated limit- 
ing cases of these flows have been discussed. Incidentally, the use of sources and sinks 
outside the axis will enable us to obtain profiles consisting of piecewise analytic curves. 
As is well known, the profiles corresponding to a source distribution along the axis 
consist necessarily of a single analytic curve, the nose and the tail being the only 
possible singular points. 

2. Stokes’ stream function. In this paper we consider only steady irrotational 
axially symmetric flows of a perfect incompressible fluid. The axis of symmetry will 
be taken as the x-axis. Let x, p be the coordinates in a meridian plane. The flow is 
completely determined if the velocity distribution is known in the half plane — x <x 
<+«, p20. The motion being irrotational, there exists a velocity potential @ 
which is an harmonic function satisfying the Laplace equation in three-space. For 
axially symmetric flows, ¢ is a function only of x and p, so that the Laplace equation 


in cylindrical coordinates for @(x, p) reduces to 


0 Ch 0 Cd 
(» aoe Babe vend = 0). (2.1) 
Ox Ox Op Op 


This equation can be interpreted as an integrability condition showing the existence of 
a function ¥(x, p) which is called the Stokes stream function and which is defined by 
the equations 
oy Oo dy 0d 
— = —p—; =p—- (2.2) 
Ox Op Op Ox 
It is obvious, by (2.1), that dy = (O~/dx)dx+(0W/dp)dp is a total differential and 
that the elimination of ¢ in (2.2) gives for ¥(x, p) the differential equation 


0 1 oy 0 1 Oy 
( ) + ( ) = 0). (2.3) 
Ox\p Ox Op\p Op 


Unlike ¢, which is defined in three-space, the stream function (x, p) is defined only 

in the upper half plane p20 by its total differential, i.e., by the differential equations 

(2.2). It is therefore to be expected that W will as a rule be a many-valued function. 

The hydrodynamical significance of the stream function y is well known: y remains 

constant along each streamline in the meridian plane, while 27 represents the flow 

of a fluid of unit density between the given streamline and the streamline y =0. 
The velocity components u and v in the x and p direction are given by 


0g 1 dy 
|) el — ie - ’ 
Ox p Op 
(2.4) 
0g 1 oy 


Op p Ox 
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By the convention adopted in this paper, the velocity vector is the gradient of the 
potential. 
For a uniform flow parallel to the x-axis we have 


¢=Ux, w= 4Up?. (2.5) 


The flow 2m is given by zp?U. 

Beltrami calls y the associated function of ¢. He shows, by a process of repeated 
differentiation and integration, that every potential or associated function generates 
a descending and an ascending sequence of pa'rs of functions of the same kind. This 
discovery is an important extension of the ordinary theory of analytic functions, and 
can be applied in a similar way to other cases. However, our main interest will be 
focused on another part of Beltrami’s work, in which he investigates fundamental 
solutions of (2.1) possessing basic singularities. The role played by such solutions in 
the theory of partial differential equations is too well known to be emphasized here, 
and was clearly recognized by Beltrami. 

3. Sources and sinks on the axis. By our definition of the potential, the ele- 
mentary potential in three-space is —1/r. In cylindrical coordinates x, p the potential 
@ of a source of strength m at the origin is given by 





oo = Vata pt ° (3.1) 

The corresponding stream function y is given by 
x es 
Yo =_- m(1 4. Va? =)- (; .2) 


The additive constant is chosen in such a way that Wo vanishes on the streamline 
x <0, p=0. We note that the stream function is single-valued in the upper half plane 
¥, p 

4. The principle of superposition. The potential and the stream function of two 
or several combined flows is the sum of the respective functions corresponding to the 
separate flows. The method of sources and sinks uses combinations of flows due to 
sources and sinks and of a uniform parallel flow. A suitable choice leads to a flow 
with a streamline y=0 separating the domain of regular flow from the sources. This 
dividing line plays the part of a rigid profile, the interior of which can be replaced by 
a solid body. The principle of superposition for potentials is less important: the 
method of sources and sinks being based on the existence of the stream function. 
Closed dividing lines can be obtained only by taking a distribution of sources and 
sinks of total strength zero. For a positive total strength, the corresponding profile is 
open downstream and extends to infinity. Nevertheless, the corresponding surfaces 
of revolution, called half-bodies, are of great importance because in reality the po- 
tential flow is disturbed by viscosity everywhere except in a certain vicinity of the 
nose, which is at the same time the region in which big velocities and a danger of 
cavitation may be expected. The simplest case of a half-body will be discussed in the 
next paragraph. 

5. Blasius-Fuhrmann’s half-body. By superposition of a source m at the origin 


2 L. Bers and A. Gelbart, Trans. Amer. Math. Soc., 56, 67-93 (1944). 
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and of a uniform stream U in the x direction, we obtain a flow with the potential 


and stream functions: 


m 
Qs 02--—= = = Ux — (m/r), (5.1) 
VF tr 
x 
v= suet — m(14—S :) = $Up? — m(1 + cos 8), (5.2) 
Vv x* + p* 


where 7 and @ denote polar coordinates in the meridian plane. There will be a stagna- 


tion point 


on the negative x-axis, which is obtained by putting u(x, 0) equal to zero. We see 
from (5.2) that the streamline y =0 consists of the negative x-axis and of the dividing 


, 2m m 2 
ia (1 + cos 6), an ae ae, (5. 


line 


#1) 
= 


l 
which contains the stagnation point xy. For x=+* we have 6=0 and p=p, 
=24/m/U. The radius pp of the main parallel, as we shall call it, is obtained by putting 
x=0 and @=7/2. We find 


Im ! = 
po = — = V2| xn| = = Po. (3.9) 
l N 


A somewhat laborious computation shows that the curvature K of the profile is 
steadily decreasing from the value (9U/16m)'/? at the stagnation point to zero at 
infinity. 

6. Distributed sources along the axis. Various shapes of bodies and half-bodies 
have been obtained by Fuhrmann,’ Kérmd4n‘ and their followers by using continuous 


bo 


distributions of sources and sinks along the x axis. 

Denoting by q(x) the density of the source distribution of an interval 0 $2 S/ and 
by U the velocity of the parallel flow and using (3.2), we obtain the following expres- 
sion for the stream function y of the resulting flow: 


l f o t 5 
‘ ee : s a 
v(x, p) = sup? — f q(é) 1 + _— af a (6.1) 
0 fist ee + © 
The integral /$q(é)dé represents the total strength m of all sources and sinks and is 
zero in the case of a closed profile. Point sources and sinks may be included in the 
formula without difficulty. The profile is given by the equation y=0. By taking a 
constant positive density g(x)=m/l, we obtain a half-body corresponding to the 


ee rot ni 
y, = 3Up?’ —m™ tina , (6.2) 


where 7p and r; denote the distances of (x, p) from x =0 and x =1. 
3G. Fuhrmann, Dissertation, Goettingen, 1912. 
‘Th. von Kérm4n, Abhandlungen aus dem aerodynamischen Institut, Aachen, 1927. 


stream function 
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Fuhrmann computed several profiles by taking for g(x) a step function or a 
piecewise linear function of x. He used also some additional point sources. It is obvi- 
ous that the influence of sources on the axis is predominantly felt only on nearby 
portions of the profile. 

For a given profile an approximation can be obtained, according to Karman, by 
subdividing an interval 0 <x S/ in the interior of the profile into a finite number n of 
not necessarily adjacent subintervals. Let J, denote the length of the kth subinterval 
and let g,=m/l, be the constant density of sources assigned to this segment. Let us 
choose m points %1, pi, * * * ,Xn, Pn on the given profile. In order that the profile y =0 
given by our sources and the parallel flow shall pass through the m prescribed points, 


we must have [see (6.2) | 


/ ‘7 
: Vik — Vik arr 2 . 
> m, 1 + ——— } = 3Up;; ¢=1,2,---,#, (6.3) 
1 l, 

where r’ and r’’ denote the distance from the endpoints of the kth subinterval to the 
point x;, p; on the profile. In this way, m linear non-homogeneous equations for 
mM, * * * , M» are obtained, which can be solved provided that the determinant of the 


coefficients 


is different from zero. In practical cases all J, are taken equal in order to reduce the 
already very considerable computational work. 

For a given profile, the ordinate p=p(x) is a given function of x. Substituting this 
function in (6.1) and putting yx, p(x) ]=0, we obtain an integral equation for the 
determination of the unknown density q(x). Unfortunately, the resulting integral 
equation is a Fredholm equation of the first kind and, up to now, has proved to be 
useless. In fact, it is nearly obvious that a distribution along the axis can give only a 
limited number of different types of profiles. 

The restriction imposed by the exclusive use of sources and sinks distributed on 
the axis has prevented so far any further development of the method. In the next 
paragraphs we shall remove this restriction by considering symmetrical distributions 
located outside of the x-axis. 

7. The potential of a homogeneous circumference. As already mentioned in the 
Introduction our investigations will be based to a certain extent on Beltrami’s results 
which we shall present here with the revisions, corrections and extensions required for 
our purposes. 

Let us consider an axially symmetric distribution of sources and sinks, not neces- 
sarily located on the x-axis. It is clear that in the present case the potential ¢, of a 
homogeneous circumference with its axis on the x-axis will play the same role as the 
potential of a point source plays in the general case of an arbitrary three dimen- 
sional flow. Beltrami® gives two expressions for this elementary potential with axial 
symmetry about the axis. For our purposes we shall use the expression involving 
Bessel functions as more suitable for computation of the associated stream function. 


5 E. Beltrami, Opere matematiche, vol. 3, U. Hoepli, Milano, 1911 (especially pp. 349-382). 
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The alternative formula for ¢, and its relation to Laplace’s expression for a potential 
has been recently investigated by Bateman and Rice.® 

Beltrami’s original proof of his formula for ¢, is complicated and will be replaced 
here by a more elementary proof covering several similar cases. This proof, which in 
its original form, was criticized by Watson’ will be presented here with a slight addi- 
tion which makes the reasoning convincing. (See also H. Bateman*-who apparently 
accepts Watson’s criticism.) 

Bessel’s Functions and Potential Theory. It is well known that the elementary 
method of separation of variables shows immediately that e*7* Jo(ps) is, for every 
value of the real parameter s, a solution of the equation (2.1) for a symmetric poten- 
tial. (Jo(z) denotes the Bessel function of index 0.) Throughout this paper we shall 
use Watson’s notations. The function Jo(z) is regular for every value of z and takes the 
value 1 for z=0. 

Consider the potential function represented by the definite integral 


f e~!#*Jo(ps)F(s)ds, (x ¥ 0) (7.1) 


in which the function F(s) is supposed to be one which ensures uniform convergence 
and makes the limit of (7.1), as p tends to zero, equal to the result of making p=0 
under the integral sign. When x0, this function takes the value 


f(x) -{ e~!*|*F(s)ds . 
0 (/ ° 2) 


on the x axis and may often be identified from the form of f(x). In fact, we know from 
the elements of the theory of developments of potential functions in series, that an 
axially symmetric harmonic function is uniquely determined by the values it takes 
on a segment of the axis of symmetry. 

Taking F(s) =1, we have f(x) = | x| —! by (7.2). The corresponding harmonic func- 
tion is 7~!. By (7.1) we have, therefore, following formula 


ws 1 
é tls To(ps)ds = 5 (7.3) 
J x? + p? 


which will be used immediately. This formula is due to Lipschitz (Watson,’ p. 384). 

Let us now consider a homogeneous circumference C of radius 6 and of unit density 
with its center at the origin and its axis coinciding with the x-axis. The total mass (or 
total strength of sources) of C is MM =2rb. By adding the elementary potentials due to 
the elements of C, we see at once that the potential of C at a point x of the axis is 
equal to 

2xb 
Vx? + 5? 


where \/x2+8? is the distance of x from any point of C. By using (7.2), (7.3), and 
(7.1) we immediately obtain the following expression for the potential ¢. of C: 


f(x) = - (7.4) 


6 H. Bateman and S. O. Rice, American Journal of Mathematics, 60, 297-308 (1938). 
7G. N. Watson, Theory of Bessel functions, Cambridge University Press, 1922, p. 388. 
8H. Bateman, Partial differential equations, Cambridge University Press, 1932, $7.32. 
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o-(x,p) = — arb f e~!*1*Jo(ps)Jo(bs)ds. (7.5) 
0 


8. The stream function for a homogeneous circumference. In order to obtain the 
stream function y, for our circumference C, let us consider the function 


Vo = = Andy fe-'eer (ps Julbs)ads (8.1) 
c 


for x <0. The Bessel function Ji(z) vanishes for z=0 and satisfies the equation 
J\(z) = —J@(z). It is easily checked by (8.1) and (2.2) that ¥7 is the associated func- 
tion to the potential @, as defined by (7.5), and it is obvious that ¥; (x, 0) vanishes for 
x 0. Similarly, 


a 


ve (x, p) = 2xbp f e-!=|8J,(ps)Jo(bs)ds (8.2) 


0 
is for x 20, an associated function of (7.5). However, ¥; and ¥7 do not coincide on the 
positive p axis. In fact, we have as a special case of the discontinuous integral of 
Weber and Schafheitlin (Watson,’ p. 406) 
1 
.— for p>b20, 
Pp, (8.3) 


f Ji(ps)Jo(bs)ds = « 
: le for b > p 


> 0 
It follows that 
Ui(— 0, p) = {~ 2xb for p>b20, 8.4) 
0 for b6>p2z0, 
and 
vit i { 2xb for p>b20, 8.5) 
i] 0 for 6>p20. 


Let us consider a simple closed curve L in the half plane p 20 containing the critical 
point x =0, p=6 (i.e., the trace of the circumference C) in its interior. The function 
¥> is obviously the analytic continuation of ¥7 across the segment 0 <p<b. However, 
if we describe L counterclockwise and come back to a point +0, p, with p>b, we ob- 
tain a final value which is by 47d greater than the initial value of Y;. It follows that 
the stream function for a homogeneous circumference C is a many-valued function in the 
half-plane p=0 with the period 4b. Since 2rb is the total strength M of the dis- 
tributed sources, we can say that the period is equal to 2M. 

By rotation about the x axis the closed line Z generates an axially symmetric 
torus, enclosing the sources on C. By the definition of the stream function, the outward 
flow across this torus is equal to 27 times the period of the stream function, i.e., this 
flow is equal to 47M, in perfect agreement with Gauss’ theorem. 

A single valued branch of the stream function y, can be obtained in the domain 
D, bounded by the x-axis and by the segment x =0, 0 Sp<b by putting 
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lA 


¥Y= for x30, 
+. (8.6) 
¥.=yv¥, —4rb for x2 0. 
This function is continuous in Dy, vanishes on the negative x-axis and, by (8.4), 
takes the constant value —2z7b on the streamline x =0, p>b. For a circumference of 
total strength m and of uniform density m/27b, we would have 


¥y(0,p) = —m, for p>b. (8.7) 


For p>b the constant value of Y.(0, p) is equal to —m, independently of the radius b of 


Comparing our result with Beltrami’s formulae for the same stream function, we 
see that on p. 355 of the paper quoted in Footnote 5 Beltrami, failing to notice that 
y. is a many-valued function, puts the wrong branches together and obtains a discon- 
tinuity along the p-axis. The same error occurs in A. G. Webster.® The formula given 
by Bateman? (p. 417; example 1) is also inaccurate. 

The velocity u on the x axis due to the sources on C can be easily obtained by 
differentiating the potential (7.4) with respect to x. Denoting by m the total strength 
of C, we find 


MX 
(x? + b?)3/2 


so that u is zero for x=0. The maximum of |u|! is attained for x?=}b?, where 


u(x, 0) = (8.8) 


u| =2-—*/3 mp8, 

9. The discontinuous integral of Weber-Schafheitlin. We give in this paragraph 
a new and simple proof for the evaluation of the integral of Weber-Schafheitlin [see 
(8.3) |. This proof is based on the general principles of Potential Theory and does not 
require any extensive technical knowledge of Bessel function. 

As in Sec. 8 let us consider a homogeneous circumference C of radius 6 and unit 
total strength, so that 27) =1. Let S be a sphere with center at the origin and with 
radius R>b. By Gauss’ fundamental theorem, the outward flow across S is 4r. 
The surface of S cuts the half-plane p >0 in a half-circle H. For x $0, the stream func- 
tion ,(x, p) is given by (8.1). It takes the value zero along the negative x axis and 
up to the factor 27, its value for a point P of H is given by the inward flow passing 
through the spherical cap generated by the rotation of the arc P, —R. The flow 


across a hemisphere being —27, we have y.(0, R) = —1. We see by (8.1) that 
lim f ée~'*!*J,(Rs)Jo(bs)\ds = R™, for R> b. (9.1) 
z=0 0 


On the other hand, it is known [and used in the proofs of (8.3) | that the left hand side 
of (8.3) can be obtained by putting x =0 in the integral (9.1). In this way we obtain 


f Ji(Rs)Jo(bs)ds = R _S for R > b. 
0 


In order to obtain the second part of (8.3) we have only to take a sphere with radius 
R<b. 


* A. G. Webster, Partial differential equations, New York, Hafner Publishing Co., 1947 p. 368 ff. 
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10. The potential and the stream function for a disc. Let us consider a disc of 
sources of radius b with its center at the origin and its axis coinciding with the x-axis. 
Let g(p) denote the areal density of the sources; the total strength m being given by 


b 
m = an f pq(p)dp. (10.1) 
0 


By the principle of superposition, the potential 4 of the disc is obtained by integra- 
tion of (7.5). Replacing } in this formula by a variable of integration n, we find, after 
multiplication of g(n)dn and integration from 0 to b, 


b « 
ba(x, p) = — an f na(ndan f e-!*!"Jo(ps)J o(ns)ds. (10.2) 
Putting 
b 
x(s) -f nq(n)Jo(ns)dn (10.3) 
0 
and interchanging the order of integration in (10.2), we obtain 
oa(x, p) = — an f e~ '*l*y(s)Jo(ps)ds. (10.4) 
0 
Putting p=0 and using Lipschitz’ integral (7.3), we have 
" , 
> -ng(n)dn 
ga(x, 0) = —- 2 f e7!t|*y(s)\ds = — 2x f el (10.5) 
0 v7 Vz” + n° 


on the x axis, a result easily verified by direct integration of (7.4). By differentiation 
of @a(x, 0) we obtain the velocity ua(x, 0) due to the sources on the disc: 


> — -ng(n)dn 
a(x, 0) = 2 vf Sahar + (10.6) 
UW a\ x ) T , (x? + 9?) 3/2 


An alternative formula for ua can be obtained in the following way. Assuming that 
the density g(p) is differentiable, we have, by integration by parts, 


b 


ba(x, 0) = — 2n[q(b)v/x?* + B? — g(0)| x] ] + 2 f q' (n)\/ x? + 7? dn. (10.7) 


0 


Differentiating, we obtain 


b)x 6 '(n)d 
a(x, 0) = 2n| ¥ g(0) — a a + rf (n) "| : (10.8) 
Vx 0 





ree Vite 
The upper sign holds for x <0, the lower for x >0. Furthermore, 
1 b)b? 6 ‘(n)d 
yin = 2x| - ‘ Ra ul — +f _ ony . |. (10.9) 
ax (x? a b?)3/2 0 (x? a n?)3/? 


Assuming that the density q is a positive and non-increasing function of p, we see that 
| ua(x, 0)| is a decreasing function of |x|. 
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We now turn to the stream function. Replacing 0 in (8.1), and (8.2) and (8.6) by 
a variable of integration yn, multiplying by g(n)dy and integrating from 0 to b, we 
obtain 


IIA 


os + 0 for «x ), 
Wa(x, p) = F dno f e tetax(s)Julos)ds | - (10.10) 
> 0 


0 — 2m for x = VU, 


Vv 


where x(s) denotes the function defined by (10.3), while m is the total strength of the 
disc, given by (10.1). The stream function (10.10) is single-valued and continuous in 
the domain D,, defined in Sec. 8. The value of a on the streamline x =0, p>b is ob- 
tained by multiplying the corresponding value —277n for a circumference of radius 7 
by q(n)dn and integrating the product from 0 to b. Since the integral in question is 
by (10.10) equal to the total strength of the disc, we have 


va(0O, p) = —m for p>b. (10.11) 


The value of the stream function for a disc on the streamline x =0, p>b, is equal to —m, 
independently of its radius b and of the density function q(p). 
This value being given by the right hand side of (10.10) for x—+—0, we have the 


identity 
o) b 
pf x(s)Ji(ps)ds -f ng(n)dn for p>b20 (10.12) 
0 0 


which could have been obtained directly by integrating the formula of Weber- 
Schafheitlin. 

The results of this paragraph could be easily generalized by taking discontinuous 
density functions g(p), possessing a finite or even an infinite number of jumps. As a 
particular case, we would obtain the potential and the stream function for one or 
several concentric rings of finite width. 

11. Single-valued and many-valued Stokes’ stream functions. As we have already 
mentioned, the domain D of definition of any Stokes’ stream function is a subdomain 
of the upper half-plane — © <x <+ ©, p20. It consists of all points in which the flow 
under consideration is regular. Sources, sinks and other singularities, as well as the x 
axis, are on the boundary of D. The Stokes’ function has been defined by its total dif- 
ferential. It is therefore to be expected that this function will be many-valued when D 
is not simply connected. This is, for instance, the case for a circumference of sources, 
the corresponding domain D being bounded by the x-axis and by the point x«=0, 
p =b, representing the trace of the circumference in the upper half-plane. On the other 
hand, the domain D = D, (see Sec. 8) corresponding to a disc of sources is simply con- 
nected. In fact, its boundary is a single continuum consisting of the x axis and of the 
vertical segment 0 <p Sb. For this reason the stream function for a disc is necessarily 
singie-valued, which is in agreement with the results of Sec. 10. For the same reason, 
any distribution of sources on the x axis will generate a single-valued stream function. 
The exclusive use of such sources has up to now prevented the recognition of an essen- 
tial property of the Stokes’ function. 

In diagrams as usually given, the streamlines of an axially symmetric flow are 
drawn in the entire meridian plane, the lower half being the reflection of the upper one. 
In this representation, the domain corresponding to the simplest case of a point 
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source at the origin appears to be doubly connected, as is the case for a point source in 
plane flow. However, the corresponding stream function (3.2) is single-valued, while 
the stream function of the plane flow is many-valued, as is to be expected. Our ex- 
planation concerning the domain of definition, removes the paradox and our remarks 
apply to all cases when associated functions are defined by their total differential. 

12. Blunt-nosed profiles. We turn now to the investigation of flows obtained by 
superposition of a parallel flow of constant velocity U in the direction of the positive 
x-axis and of a flow produced by an axially symmetric distribution of sources and 
sinks, around the axis. 

As a first significant case, let us consider a single disc of (positive) sources in a 
parallel flow. The potential @ and the stream function W of the combined flow is given 
by the principle of superposition. Using (2.5), (10.2) and (10.10) we have 

@ = Uxt da, 
¥ = Up? + Pa. 

Let us now consider a family of discs of variable radius b with their centers at the 
origin and their axes coinciding with the x axis, all these discs having the same total 
strength m, independently of 6. For b=0, when the total strength m is concentrated in 
a point-source at the origin, the dividing profile Y=0 will be the classical Blasius- 
Fuhrmann half-body. As 6 increases from zero, we will have for sufficiently small 
values of this parameter a new family of profiles of half-bodies intersecting the p-axis 
above the edge of the corresponding disc. 

In order to obtain this point of intersection which will give us the radius of the 
main parallel, x =0, of the half-body, we have to solve the equation 


¥(0, p) = 0. (12.2) 


(12.1) 


Il 


Since its solution p is, by assumption, greater than b, we obtain, from (12.1) and 
(10.11), 


1Up? — m = 0. 


This equation yields the following result: The radius p=po of the main parallel is 


given by 
2m 
= an (12.3) 


We see that po is independent of the radius b of the disc, which cannot exceed po. 
The velocity components u and v are obtained from (2.1) by (2.4). On the negative 


x axis we have v=0 and 


u(x, 0) = U + ua(x, 0), (12.4) 
the term ua=04/0x being negative. A general theorem on the normal derivative of 
a surface distribution (Kellogg)'® yields for x = —0 the result 

u(— 0,0) = U — 2xq(0). (12.5) 


10 O. Kellogg, Potential theory, J. Springer, Berlin, 1929, p. 164, theorem VI. 
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(More generally, we have u(—0, p)=U-—2q(p) for 0Sp<b. Observe that the 
integral in Kellogg’s theorem VI vanishes identically for a disc.) Let us now assume 
that the (positive) density g(p) is a non-increasing function of p. According to Sec. 10, 
the velocity u is then negative on the x axis and increases steadily in absolute value 
as x increases from — © to 0. At the same time the total velocity u = U+ 44 decreases 
steadily from the value U to U—27q(0) and remains therefore different from zero if 
U—27q(0)>0. We have the following result: the necessary and sufficient condition 
for the existence of a single stagnation point on the negative x axts 1s given by the inequality 


U Ss 2nq(0). (12.6) 


Since q(p) is non-increasing, the value q(0) is not less than m/b? which represents 
the constant density of a homogeneous disc with the same radius b and the same total 
strength m. Therefore, there will certainly be a single stagnation point for 


U Ss 2nrm/xrb? = 2m/b?. (92.57) 


Considering U and m as given, we find that a stagnation point xy exists for 
b<(2m/U)*!*. On the other hand, we have seen that a dividing line, Y =0, cannot exist 
forb>(2m/U)'!*. To every disc of radius bS(2m/U)"? corresponds a profile of a half- 
body, the radius of the main parallel being py =(2m/U)'/? independently of b. 

Let gi(p) denote the density for a disc of radius one. Let us define the density for 
a disc of radius b by the formula 


1 p 
q(p) = -n(*), Ospsb. (12.8) 

BN 
The total strength is obviously independent of 6. According to (12.4) and (10.6), the 


velocity on the x axis is given by 


> ng(n)dn 1 qi (é)dé 
om U4 dex f a dex f ces = RA 
0 (x? ot n?)3/2 0 (x? + b7E7) 3/2 


This formula shows that for any fixed negative value of x, the velocity u is steadily 
increasing with b. We see that the distance |x| of the stagnation point from the origin is 
steadily decreasing with increasing b. As b—p, its abscissa xy tends to a limit value, 
which will be negative for U —2mq(0) >0, and zero for U —22q(0) =0. (q denotes here 
the density for the disc of radius po). For a non-increasing density, the second case 
occurs only for a disc of uniform density m/rp%. 

A distribution of sources over a finite region acts at infinity as the so-called equiva- 
lent point source at the origin with the same total strength m. For this reason, all our 
profiles are half-bodies with the same asymptotic radius 


Px = V2 po (12.10) 


which has been computed in (5.5), for the limiting case of the Blasius-Fuhrmann 


half-body. 
We summarize now our results, which, in their entirety, hold for a non-increasing 


positive density given by the distribution law (12.8). We have obtained a family of 


half-bodies depending on a parameter b. The only member of this family mentioned in 
the existing literature, is the Blasius-Fuhrmann half-body corresponding to the limiting 
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case b=0. As b increases from 0 to pp=(2m/U)'!?, we obtain the other members of the 


family which are (increasingly) blunt-nosed and tend, for b—(2m/U)*?, to a limiting 


profile. All these profiles have the same main parallel of radius po and the same asymptotic 
radius at infinity. Similar results will be given later for other symmetric flows in three 
as well as in two dimensions. 

In the following section, we shall turn to the investigation of some particular 
cases which we shall call the integrable cases. A computer would doubtless like to be 
given some examples, at least, in which the formula (10.10) for the stream function 
could be simplified by a convenient choice of the function x(s). Unfortunately, x(s) 
is connected with the density g by the integral equation of the first kind (10.3), and 
cannot be taken arbitrarily. So we have to take the density as the arbitrary function 
and discuss the integrable cases, in which the formula (10.3) can be simplified. Let us 
also point out that the distribution of sources is actually more important than the 
function x(s), since it gives us at least a qualitative idea of the shape of the profile. 

13. Discs of uniform density. In this case we have to take g=m/rb*. By (10.3) 
we have 


2 


f m , 
x(s) = ~~ nJ o(ns)dn. 
1b? J 4 


Setting sy =£& and using the classical formula 


d 
EJo(t) = — {i(8)}, (13.1) 
dé 
we obtain 
m 
x(s) = —J,(bs). (13.2) 
whs 


By (12.1), (10.2) and (10.10), the explicit formulae for @ and y are therefore given by 


. 2m : ds 
o(x, p) = Ux - f "ee ‘J o(ps)J (bs) — . (13.3) 
b 0 AY 
2mp ds {+ 0 for x30 
W(x, p) = 4Up? + f e~!*'*Jy(ps)J1(bs) — (13.4) 
y sid b 0 oii i 5 te 2m for x2 0. 


The profile is given by the equation Y=0. The terms containing the integrals have 
been denoted in Sec. 10 by @a and Wa, respectively. It is obvious that these functions 
could have been obtained directly by integration of the potential and stream functions 
for a circumference. Using the general equation (10.11) ,we obtain the formula 


™ ds 1 3b - 

f J (ps) J (bs) — = - for p>b (13.5) 
0 A) 2 p 

which is a special case of the Weber-Schafheitlin discontinuous integral [Watson,’ 

p. 405 (1)] but which has been proved here directly from the basic principles of 

Potential Theory. 
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The velocity components are given by 


2m ” 
u(x, p) = U F — f e~!*!*Jo(ps)Ji(bs)ds, (13.6) 
0 
2m ee. 
v(x, p) =- ~ f e~!*!*Ji(ps)J 1 (bs)ds. tt3. 7) 
) 0 


The upper sign holds for x $0, the lower, for x20. The stagnation point is obtained 
by putting u(x, 0) =0 in the first Eq. (13.6). According to (12.9), this gives 


2mx b ndn 
+= f ——_—_—_— = 0); (x S 0). 
b? 0 (n? tb a%)5/2 


The integral is this formula can be easily computed. In this way we obtain, for 


2m XN 
U -— (: -}- ) = (0, 
b? V xy + 0? 


Observing, that 2m/U =p, by (12.3), we see that 


x=Xy, 


‘ b?(p) — 5) 


in = 4 2 2\3 
i. == (po —- 5*)* 


(13.8) 


According to the general results of Sec. 12, the distance |x| of the stagnation point 
from the disc takes, for b=0, the value | ew | =po/+/2, corresponding to the Blasius- 
Fuhrmann half-body [ef. (15.5) |], and decreases steadily to zero, as b—po. This fact 
can be verified in an elementary way by using (13.8). The radius of the main parallel 
is pp=\/ 2m/U; the asymptotic radius is p.=po\/2. The nose of the profile becomes 
blunter with increasing b. The value b=po corresponds to a limiting singular case of 
an ultra-flat profile* with a nose coinciding with the disc. The velocity in this case 
becomes infinite at the edge of the disc. 

14. Curvature of the profiles. We have seen in Sec. 5 that the curvature K of 
the Blasius-Fuhrmann half-body (corresponding to b=0) is steadily decreasing along 
the profile. For the other limiting case (b=po) the curvature of the nose of the ultra- 
flat profile is identically zero along the disc, but jumps suddenly to infinity at its 
edge. Since changes take place gradually, we may venture the following conjectures 
about the curvature K of the intermediate profiles. 

As b increases from zero, the curvature of the profile will decrease in the vicinity 
of its stagnation point and will increase in the vicinity of the edge b. There will be a 
moment in which we will have an equalization of curvatures on a certain arc adjacent 
to the stagnation point. At this moment the profile will have a nearly-spherical cap, 
while the adjacent infinite branch of the dividing line will have a curvature steadily 
decreasing to zero. This stage can last for awhile, but, as b continues to increase, the 
edge of the disc, loaded with sources, will act like a spearhead repulsing the parts of 


* Professor G. Birkhoff has kindly drawn my attention to the fact that the potential of the flow 
around the ultra-flat profile has been computed (in the neighborhood of the nose) by T. L.. Smith in 
1943. 
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the profile in its immediate neighborhood. There will appear a maximum of K in the 
vicinity of this edge, while the nose continues to become blunter. As b increases still 
further, this maximum will become greater and its ordinate will tend to po. The final 
stage will be reached when 6 takes the value pp at which moment this maximum 
becomes infinite. 

15. Discs with Bessel’s distribution of sources. Let us first consider a disc of 
unit radius. In order to obtain another integrable case, we take as surface density 


the function 

qi(p) = CiJo(jp), (15.1) 
where j = 2.40483 denotes the smallest positive root of Jo(z), so that g(1) =0. (This is 
the most interesting case. However, the following consideration would hold with 
slight modifications for other positive values of the constant j.) The total strength m 
is connected with the constant C; by the equation 


1 
dacs f nJ o(jn)dn = m. 
0 


Using the classical formula (13.1), we obtain 
mj m 
= ——___- (15.2) 
2nJ (J) 
It is well known that J,(j) is different from zero. For m>0, the density qi(p) is 
positive and decreasing in the interval 0Sp 31. 
Let us now consider a disc of radius 6 and of the same strength m. According to 


' mj) ip . 
g(p) = ; J = n(2 ) (15.3) 
21b*J1(j) b 


(12.8), we put 


and call this formula Bessel’s distribution law. 
Let us introduce the abbreviations 


mj j “ 
eo 6a oe (15.4) 
2rb7J 1(7) b 


By (15.3), we have then 
q(p) = CJo(ap). (15.5) 


The integral in (10.3) can be computed by using the following fundamental formula 


of the theory of Bessel functions 
b 
= b 
(a? — ) f nJ o(an)Jo(sn)dn = [n{ sJo(an)J¢ (sn) — aJo(sn)J¢ (an) ee (15.6) 
0 


which gives for (10.3) 


Cab mj* 
x(s) = : Jo(bs)J (ab) = ————_ J (bs). (15.7) 


a? — 5 2x(j? — bs?) 
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We remark that the function x(s) remains finite and continuous for s=j/b, since 
Jo(j) =0. 

Inserting the expression (15.7) in the general formulae of Sec. 10 for a disc and 
adding a uniform flow, we obtain the formulae for the resulting flow. From Sec. 12 
we know that there is exactly one stagnation point xy on the negative x axis for 
every value of )<po and that xy steadily tends to a negative limiting value with 
b—ppo. All profiles pass through the point x =0, p =po and all possess the same asymp- 
totic radius p, =pov/ 2. 

Let us consider the limiting profile (corresponding to b=p,) which passes through 
the edge of the disc at the point p =py of the p-axis. The density of the sources being 
zero at that point, we can extend the definition of g(p) to a greater disc by putting 
q(p) =0 for p>po. The point p =pp is now an interior point of the greater disc in which 
the density is continuous and satisfies a Hoelder condition. It follows from well 
known theorems on tangential and normal derivatives of a surface distribution 
(Kellogg,'® p. 162, theorem V and p. 164, theorem VI) that the velocity components 
u and v remain continuous for x =0, p=po, and that the limiting profile has, at the 
point in question, a continuous tangent. However, the curvature of the profile be- 
comes infinite at the same point. (All these results can be easily checked by the 
formulae given in this paragraph, provided that certain precautions are taken in the 
use of discontinuous integrals.) Our limiting profile is non-analytic at the point po. 
We note that a singularity on the profile can be obtained only when the profile passes 


through the boundary of the region occupied by the sources. 
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SOME GENERAL RESULTS IN THE THEORY OF NOISE 
THROUGH NON-LINEAR DEVICES* 


BY 


DAVID MIDDLETON 
Harvard University 


1. Introduction. Because of the great prevalence of noise in almost all electronic 
processes, a study of the nature and properties of such noise seems desirable. The 
term “properties of noise” is used here to indicate such measurable quantities as the 
average and the mean-square voltages and currents, the mean power spectrum, the 
power or energy associated with the wave, and the power and the correlation function 
of the disturbance, or of part of it, when noise or a signal and noise is modified by 
passage through non-linear apparatus. From an analytical point of view, the theory of 
noise is intrinsically related to that of the Brownian motion so that the results in the 
discussion of the one may bear rather closely upon the other. There are two different 
but equivalent lines of attack on the over-all problem: in noise theory we are primarily 
interested in what happens to random noise waves (with or without an accompany- 
ing signal) when they are passed through non linear devices, such as second detectors 
or mixers in radio receivers, for example, or amplifiers in which cutoff and/or over- 
loading is present. Here the Fourier series method of Rice,'* is the more natural ap- 
proach and is the one followed in the present paper. In the study of Brownian motion 
and fluctuation phenomena in general, where the variations in the system are de- 
scribed by a diffusion process, the second method of Fokker-Planck, or the diffusion 
equation method, is used. We shall not consider this approach here; an excellent dis- 
cussion has recently been given by Wang and Uhlenbeck,' and less recently, an inter- 
esting treatment of somewhat similar subjects by Chandrasekhar.‘ We mention 
only in passing that the two methods can be shown to yield identical results.* 

Ricet and others®~* have used the Fourier series method in the solution of special 





* Received Jan. 29, 1947. 

1S. O. Rice, Mathematical analysis of random noise, Bell Sys. T. J. 23, 282 (1944). 

2S. O. Rice, loc. cit. 24, 46 (1945). Since this paper was written, Professor Brillouin has kindly called 
the author's attention to the interesting work of Dr. Blanc-Lapierre along somewhat similar lines, in 
particular, a thesis: Sur certaines fonctions aléatoires stationnaires. A pplication 4 l'étude des fluctuations dues 
a la structure électronique de l’électricité, and Effet Schottky. Fluctuations dans les amplificateurs linéaires 
et dans les détecteurs, Bull. de la Soc. fr. des Elec. (6) 5, No. 53, Nov. 1945. 

3M. C. Wang and G. E. Uhlenbeck, On the theory of the brownian motion II, Rev. Mod. Phys. 17, 323 
(1945). This paper and reference 4 contain a considerable number of references to previous work along 
these lines. 

4S. Chandrasekhar, Stochastic problems in physics and astronomy, Rev. Mod. Phys. 15, No. 1, 1, 
1943, 

Tt See part IV of ref. 2. 

5 K, Frinz, Zeits. f. Hoch. u. Elek. 57, 146 (1941). 

6W. R. Bennett, The response of a linear rectifier to signal and noise, J. Amer. Acous. Soc. 15, 165 
(1944), 

7D. O. North, The modification of noise by certain non linear devices, a synopsis of which was pre- 
sented at the Jan. 1944 winter technical meeting of the I.R.E. 

8 J. H. Van Vleck and D. Middleton, A theoretical comparison of the visual, aural, and meter reception 
of pulsed signals in the presence of noise, J. Appl. Phys. 17, 940 (1946). 

® D. Middleton, The response of biased, saturated linear and quadratic rectifiers to random noise, Jour. 
A. Phys. 17, 778 (1946). 
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problems involving the rectification of noise, or of a signal and noise. It is the pur- 
pose of this paper to generalize some of the results of previous work on this topic 
and to obtain original results for a number of unsolved problems in the analysis of 
noise through non-linear devices. Specifically, it is believed that the treatment of the 
following topics is new and of interest. 

(a) Passage of a modulated signal in the presence of noise through a general non- 
linear apparatus. The case of a sinusoidally modulated carrier (Sec. 2), is 
examined and attention is also given to the case of narrow-band noise, sym- 
metrically distributed in frequency about the carrier (Sec. 3). 

(b) The biased vth-law rectifier, for modulated and unmodulated carriers (Sec. 4). 
Limiting cases of large noise or signal voltages are also discussed. Reference 9 
gives a detailed discussion of this problem for linear and quadratic rectifiers 
where noise alone is rectified. 

(c) The problem of a modulated signal and narrow-band noise, with a determina- 
tion of the various probability densities associated with the envelope of the 
wave (Sec. 5). Section (c) and (d) offer alternative soluticns to some of the 
problems discussed in (a) and (b). 

(d) The correlation function and mean power associated with the envelope of 
signal and noise. Attention is given to the low frequency output of the half- 
wave vth-law device (Sec. 6). 

(e) The vth-law, half-wave rectification of noise alone, the results of which are of 
interest in the measurement of noise by meters, spectrum analyzers, etc., and 
in the detection of pulse signals in the presence of noise*:® (Sec. 7). This work 
is a generalization of reference 9 in that v can take on any positive value, but 
is less general in that only half-wave detection is treated. 

(f) A general “small-signal” theory, in which the speak values of the incoming 
wave, whether noise or a signal and noise, are sufficiently small that overload- 
ing and cut-off do not occur. Rectification takes place because of the curva- 
ture of the dynamic characteristic of the device in question. 

Not all the material in the present paper is original, it is realized, but in the dis- 
cussion of (a)—(f) it has been necessary for clarity of treatment to bring together and 
extend, when necessary, a number of results previously derived in probability theory 
which are fundamental and hence unavoidable in the analysis of problems of this 
type. These results include the generalized, s-dimensional random-walk problem,‘ 
from which in turn one may obtain the characteristic function, with the distinctive 
property of being the Fourier transform of the probability density, and finally the 
central-limit theorem,'® which in the limit of a very large number of events can 
be shown to yield the s-dimensional Gaussian distribution characteristic of all 
random processes fulfilling certain rather elastic conditions with regard to the sepa- 
rate distributions of the various events. Some of the details are available in Appendix 
I. Furthermore, although the concept of the correlation function and its relation to 
the mean power spectrum has been examined in varying detail elsewhere, we include 
a brief treatment in Appendix II, along with some of the more significant properties 
of the correlation function which are necessary in our work. Rigor has not been pre- 
served at all costs, vide the use of the Dirac delta-function; the physical significance 


10H. Cramér, Random variables and probability distributions, Cambridge Tract No. 36 (1937), 
Chapters VI and X. References 1 and 2 also contain references to this problem; see Secs. 2.9 and 2.10. 
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of the results is used to check any possible weakness in the rigor. Finally, in Appen- 
dix III some of the more unfamiliar special functions that appear in our results 
are briefly considered. It should be kept in mind that the present discussion applies 
only when the dynamic path of the non linear device is a one-valued function of the 
input disturbance. When the path is multi-valued, the theory breaks down. For 
example, when the plate-load of a rectifying tube is a pure resistance, or at worst, is 
primarily resistive, the dynamic path is one-valued, or nearly so. Figure 1 illustrates 
a typical tube characteristic under these conditions. However, when there is apprecia- 
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Fic. 1. Typical dynamic characteristic for resistive loads. 


ble reactance X, in comparison with the resistance R,, the problem is not tractable 
with the present methods. 

At this point it is well to mention what we mean by a random process, and with 
what class of such processes problems of the present kind deal. We consider X(¢) to bea 
random process when X(t) does not depend in a definite way on the independent vari- 
able ¢, but instead may be specified by an aggregate of different functions X(t), of 
which experimentally only probability distributions are observable. Here X(t) may 
be the displacement of the electron beam on the screen of a cathode ray oscilloscope, 
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or, say, the velocity of a particle in Brownian motion. The quantity X(t) may also 
represent a combination of two or more such stochastic variables, in which case we 
may speak of a two- or more-dimensional random process. In what follows, we shall 
consider formally that X and ¢ are continuous variables; for our work, based as it is 
on the problem of the random walk (see Appendix I), this a plausible assumption. 
Now, as Wang and Uhlenbeck* have shown, it is possible to describe a random process 
completely by means of a set of distributions determining the probability that X lie 
in the range X, X+dX, at time, ¢, that X; and X_ fall in the intervals X,, X;+¢dX;, 
and Xo, X2+dXe, at times ¢,; and fs, respectively, and so on. The classification is 
considerably simplified when the initial times of the observations do not enter; 
processes of this kind are stationary. Their statistical properties are independent of 
when the measurements are made, and depend only on the duration of the observa- 
tions. There is an important class in this group known as Markoff processes, which are 
completely described by the second order density W2(X,, Xo; t): 
W(X 1, X2; t) =joint probability of obtaining X, in the range X,, X,+dX, and 

Xin the range Xo, X2+dX_ at a time ¢ later. (1.1) 
Since the present paper deals exclusively with distributions that are stationary and 
Markoffian, or if not originally the latter, can be extended to a more complex Markoff 
process by the introduction of suitable additional random variables," we find it help- 
ful to mention the properties of W2. We have 


W(X1, X03 8) = Wi(X1) P(X1| Xo; 4), (3.2) 


X>»; t) denotes the conditional prob- 





where following Wang and Uhlenbeck,’ P2(X 
ability that, given X,, we find X-2 in the interval X2, X2+dX_2 a time ¢ later. Here 
W,(X,) is simply the first order distribution, giving the probability of locating X, 
in the interval X,, X,+dX,; the time does not enter because the process is assumed 
to be stationary. We have also the relations 


P(X, A«¢ t) = 0; ff ax.Pacs| Ks t) == is 


W(X) 


II 


f mcnr.cx, Xo; )dX, 


where the region of integration includes all possible values of the variables. The 
further condition 


PA Ks, ty; AS: to; oe As —ly tn—1 | Aa t,) 
= P(X, 1, ty -1 Mat he), be a by, l > i de: ~ ty (1.4) 


shows that (1.1), or P2, completely determines the Markoff process, for once W2 is 
known, we may obtain all distributions W,, 22, from the above. It should be ob- 
served that P2-W(X:2) as t—~, provided X2 is purely random and does not contain 
periodic components. As has been previously pointed out,’ W2 or P2 cannot be 
selected arbitrarily, for it must satisfy the fundamental equation 


11 See, for example, sec. 3 (c), of ref. 3. 
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P.( XY, Xo; t) == f dXPA(X,| xX: to) P(X as t— to), 0 < to < f, (1.5) 


which is due to Smoluchowski. Equations (1.1)—(1.5) have been written for one- and 
two-dimensional systems; the extension to a greater number follows at once without 
modification of the concepts. 

The successful solution of non-linear problems involving noise by the Fourier 
series method of Rice depends, then, on the following definitions, devices, and as- 
sumptions. 

(1) It is assumed that the random process is stationary and Gaussian, i.e., Xi, Xe, 
etc., all obey a Gaussian distribution law. In the completely Gaussian case, all com- 
ponents of X,, Xe, +--+, as well, are postulated to have a normal distribution of 
amplitudes. For our purposes, however, this is not necessary, for by the central limit 
theorem X,, Xe, etc., will be Gaussian, irrespective of the distribution law of their 
components as long as the latter are sufficiently numerous, under conditions easily 
fulfilled physically in most instances. For convenience, we shall assume that our 
random processes are initially entirely random in the normal sense. In either case 
W2(X1, Xo: t) is given by (A1.3). 

(2) Our choice of input spectra will determine whether or not the system is 
Markoffhan."”-'8 If it is, then W2 completely describes it; however in the present paper 
it is not usually critical that we be able to classify the process thoroughly; the chief 
concern is with the amplitude distribution and with the mean power spectrum, 
which may always be found when W, and W; are known, and here it is sufficient that 


the system be stationary. 
(3) The mean power spectrum W(f) may be obtained directly from the correlation 
function R(t), defined by Eq. (A2.3), since by a well-known result'*—"* they are each 


other’s cosine Fourier transforms: 
W(f) = if R(t) cos wt2t; w = 2rf; Rit) -f W(f) cos wtdf. (1.6) 
( 0 


The correlation function, in turn, follows from the definition (A2.3) and with the 


help of Ws is seen to be 
R(t) = ff Xi:XoW2(X,, Xo; EdX1dXo. (1.7a) 


If the correlation function for the random wave X(t) after passage through a non 
linear device is desired (1.7a) becomes 


R(t) -ff e(X1)e(X2)Wo(X1, Xo; )dXidX2, (1. 7b) 


12]. L. Dobb, Ann. Amer. Stat. 15, 229 (1944). 

18 Reference 3, Sec. 7, and note II of the appendix for details. 

14 N. Wiener, Acta Math. 55, 117 (1930). 

16 A. Khintchine, Math. Ann. 109, 604 (1934). 

16 G. I. Taylor, Proc. Lond. Math. Soc. Sec. 2, 20, 196 (1920), and Proc. Royal Soc. 164, 476 (1938) 
zives applications to the theory of turbulence. Rice’s interesting papers '* treat a large number of 
noise problems with the help of (1-6), while ref. 3 puts more emphasis on the Brownian motion. 
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where g(X) is the dynamic characteristic of the apparatus in question, and X, is 
the incoming disturbance at some initial time and X2 at time ¢ later. 

(4) The explicit evaluation of the integral (1.7b) is often very difficult in this form 
because discontinuities in the characteristic g appear as finite limits in the integration. 
Then it is convenient, almost mandatory, to introduce the Fourier transform f(iz) of 


the dynamic path, so that the output wave is given in terms of the input by’? 
re 1 ' 
g(X) = f(iz)e***dz. (1.8) 
2rJC 
The contour C extends from — « to + along the real axis and is indented down- 


ward about a pole or branch point at the origin. The evaluation of (1.8) is effected 
when the contour is extended in an infinitely large semi-circle in a counterclockwise 
(positive) or clockwise (negative) sense, depending on whether the coefficient of 7z 
in the exponent is positive or negative, respectively. When C is traversed in a positive 
direction, the residue at z=0 yields the output as the desired function of the input, 
while for a negative circuit of the contour, g(X) vanishes. Other contours are also pos- 
sible, and combinations of such paths may be used for complicated characteristics. 
In this way, we are able to distinguish between the transmission and the cutcff states 
of the apparatus. It should be mentioned that when the contour representation (1.8) 
is employed, the results for the correlation function (1.7b) will be expressed in terms 
of the characteristic function associated with W2, namely Eq. (A1.1), in the general s- 
dimensional case, rather than by W2 itself. This is not surprising, for it is easily shown 
that the characteristic function is the Fourier transform of the corresponding proba- 
bility density. See Eqs. (2.13) to (2.16), in the next section. 

(5) When a signal, modulated or unmodulated, is introduced along with the noise, 
the above concepts and artifices hold, with slight modification. For instance, (1.7a, 
7b) now represent only the correlation function due to the noise components in the 
wave; a further average or averages are necessary to account for the signal and 
modulation components. Here the average over the phases of these components must 
be performed. In the next section this extension of the method is outlined and illus- 
trated (see also references 2, 6, and 8). 

2. Rectification of modulated signals in the presence of noise. Before determining 
what happens when a modulated wave is detected in the presence of noise, we must 
represent the incoming disturbance analytically. Let us consider first the signal com- 
ponent, which we shall denote by V,(t, t’). Here the variable ¢ refers to the time- 
variations of the carrier and ¢t’ to those of the modulation. Physically, ¢ and t’ both 
represent the same instant in time, our choice of symbols being merely one of mathe- 
matical convenience. For the type of signal of greatest interest here we may therefore 
write 

V(t, t') = Ao(t’) cos wol, wo = 2rfo, A,(t’) = 0, (eo8) 


where fo is the carrier frequency and A(t’) is some function of the time, which is 
only properly called the modulation when it varies slowly compared with cos wot. In 
general the carrier and modulation are not commensurable and hence are uncorre- 


‘7 W. R. Bennett and S. O. Rice, Phil. Mag. 18, 422 (1934). For an extensive application of the 


contour representation, see reference 9, 
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lated; ¢ and ¢’ are consequently independent variables. On the other hand, there are 
cases when Ao(t’) and cos wot bear a commensurable relation to each other, correla- 
tion exists, and ¢ and ?¢’ are then functionally related. Such instances may occur, for 
example, when the carrier is over-modulated. 

Now let us consider briefly the noise portion of the disturbance entering the non 
linear device. Several satisfactory representations are possible,'* of which we choose 


the Fourier series form 


V(t) = D> fa, cos wal + by Sin wal}, pn = 2efy = 2an/T, (2.2) 

n=l 
where the interval of expansion lies between 0 and 7, and N is very much greater 
than unity. The quantities a, and 6, are independent random variables, having the fol- 


lowing properties: 
a, b, = 0; dnbm =O; dndm = babm = w(fr)Afb, = tT SC]? T 6, ‘ (2.3) 


this last from (A2.4). The bar indicates the statistical average over the various ran- 
dom quantities (see Appendix II); here 6” is the familiar Kronecker delta, which has 
the values 6” =0, mn; 63=1. We assume the random process describing the noise 
to be stationary; this assumption can be verified experimentally. The time average 
for T+ and the ensemble average, in which the average of an (indefinitely) large 
number of finite intervals or “strips” corresponding to separate observatic ns is taken, 
then yield the same results. Under these circumstances the distribution of the random 
variables a, and bd, is unaltered. It is convenient to assume also that this distribution 
is Gaussian, with the standard deviation [w(f,)Af]"/2, but as the central limit theorem 
shows, |see Appendix I (A1.1, A1.2, A1.3)], any other distribution with the same 
average and second moments [Eq. (2.3) | leads to identical expressions for the noise 
wave. Equations (2.3) may then be interpreted as follows: the first relation shows that 
Vy(t)=0, the second shows that a, and 6, are independent, and the third apportions 
the mean power in the frequency range fp, fr +4f, dissipated by a current flowing in a 
unit resistance when a potential difference Vy(¢) is maintained between the terminals. 
In the limit of a very long time, or what is the same thing, of a very large number of 
“strips” in the ensemble, Af(=1/7) becomes infinitesimal, and the summation may 
be replaced by an integral from f=0 to f=. 

With the aid of Appendix I, we proceed to determine W(X) and W2(X,, X2; 4), 
cf. (1.1), where we identify Vy at some time fo with X; and some time ¢ later with X». 
Referring to Eq. (A1.2), we find from (2.2) and (2.3) that on letting X (jon) =@n COS Wal 
+b, sin w,t, 


X =v = >. (4, cos wt + 5, sin wat) = 0; 
7 , (2.4) 
wir = X2 = DY (a? cos? wat + 5? sin? wal) = D> (a? + 8*)/2 ~f w(f)df = ¥(0), 
Eee n n anit n n 0 


with ¥(0) =X? the mean power in the wave. Clearly here the matrix p associated with 
W2, (see A1.3), has the single element ¥(0) and | w! =y'/?, u4=1, so that the first 
order distribution for Vy =X is, from (A1.3), 


18 See reference 1, Sec. 2.8, and reference 6. 
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W(X) = [2mp(0) }-1? exp [— X2/2y(0) ]. 2. 
In a similar fashion the joint probability density W2(X1, X¢2; t) follows; we have 
X; = Xs = vy} = vg = OV, and 


N 


‘ef le 


n 


(a? cos? wrlo -+ b? sin? @,by) = xX? = y(0) 
1 n n 1 (2.6) 


N 


= (a? cos? wy(lo + t) + B? sin? wr(to + t)) = X? = ¥(0), 
ed n n 1 
from (A1.2) and (A1.4), as a consequence of the conditions (2.3). For the off-diagonal 


moments one may write 


N 
Ly fo} Ase = > [a? COS Wyly COS Wy(to + b) + Bb? Sin wWrly SIN Wp(to + 24) | 
~ 1 n nn 


N 
(a? cos? w,lyo + 86 sin? w,to) COS Wal 
rr n 
i= 1 


» 


- -f w(f) cos wldf = (2). 


The quantity y(t) is the correlation function of the input noise, and by (1.6),'® the 
Fourier transform of the input spectrum w(f). For the two-dimensional distribution p 


Mit Mie W(O) y(t) 

| ¥ |. | -lul =wVv*(1—r°(t)), and 

Mei Moe Y(t) y(0) ; 
(2.8) 


ll — ue : v(0), pl? _ pe?! = — y(t); 


becomes 


r(t) is the normalized correlation function of the incoming disturbance, Eq. (A2.7). 
With the aid of (A1.3) the joint distribution is easily observed to take the familiar 
form?° 
I . . 2 
W2(X1,X0; t) = - e~ (X1+X_~ 27H Xq) /2y (1 r°) , (2.9) 
Qay(1 — r2)1/2 
The incoming wave is simply the sum of (2.1) and (2.2), with the various proper- 
ties of the two components outlined above: 


Vine X + VG, 2). (2.10) 


Accordingly, if g( Vin) is the output of the device [see (1.7b) | the correlation function 


for the noise components is 


Rate wit) = SJ e(X1+Valte, 08 Pe(XetValtobe, tf +t])Wo(X1, Xo; dX dX. (2.11) 


19 See Appendix II for details. 
20 Henceforth we abbreviate ¥(0) by y. 
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The complete correlation function, which includes the average over the phases of the 
signal as well as over the noise, is 


Td To 
R(t) = Té- dt f T. Rw(to, te ; t)dto, (2.12) 
0 0 


where 7) and T/ are the respective periods of the carrier and the modulation. The 
double integration in (2.12) reduces to a single operation in case to and ¢/ ‘are func- 
tionally related, i.e., when carrier and modulation have a constant phase difference. 
Since W2 is given explicitly [Eq. (2.9) ] from our assumptions regarding the character 
of the noise, (2.11) and (2.12) represent the formal solution to our problem, in as 
much as the mean power spectrum follows immediately from (1.6). However, as 
these equations in their present form can be handled only for a few special cases, 
chiefly in the instance of “small-signal” rectification, where the distortion of the 
dynamic path arising from cut-off and saturation is gradual, we make use of the de- 
vice of contour integration, (1.8), for the large and important class of problems in 
which cut-off and saturation take place abruptly. Then the outputs at times ¢) and 


to+t are respectively 


1 / / 
e(V1) = g(V.(to, 0 ) + X1) = — f fl izlet? AitVelt, eed, (2.13a) 
2rJc 


1 
e(V2) = g(V.[t. + 4, 6 +4] + X2) = = Sige AatVeltett tor de, (2.13b) 
£7/7C 


where C’ is a contour similar to C but in the é-plane. Equations (2.11) and (2.12) be- 


come finally 


1 ’ " 
R(t) = fr is)ds f f( iat ff W(X1, X2; netentiemd Xd Xah 
4nr? JC Cc —— 
i: om To T 
x {- — f f dt dtge’*¥a('8 wnaseratiereateal 
\ ToT 0 0 0 4 


1 
= fi seas f {(i£)F w(s, &, OF s(s, €; t)dé, (2.14) 
4n? JC Cc 
in which F(z, £; 4) is by definition the characteristic function of the signal, given 
here by 
1 T? To 2 
Fs(z, ¢; 1) = — f dig f dtyet2¥e( to, to+igVa( tort, tore) (2.15) 
ToTG 0 0 


and Fy(z, &; t) is similarly seen to be the characteristic function for the noise, and 


may be written 


Fy(z, é; t) = ff W(X, Xo; thet?Xit+ Xd NX dX» 


= exp [— }¥(2? + &) — ¥(dz8]. (2.16) 
This last result is obtained from (A1.1) with the help of (2.6)—(2.9). From (2.14), it 
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appears that the characteristic function for a modulated signal and noise is merely 
the product of the separate characteristic functions, for physically the signal and noise 
components are uncorrelated, and hence their distributions must be independent. 

For the modulated carrier Eq. (2.1) may be substituted directly in (2.15). The 
more usual case of no carrier-modulation correlation gives us 


1 T 4 To 
F (gs f; t) = f dtg f eizAo( th )coswotot+itAo(to+ t)eoswo( tort) Jz, 
® ’ ’ ans ‘Tr 
tr Tiss s 


0 


1 7 
: f dtg 1 bs 3 Em€ pt" wre d onl Ao|ts ]z)J p(A olté + t|é) 


ll 


To m=0 p 
1 To \ . 
x : dty COS womty COS fwo(to + N¢ : (2.37) 


where we have used the familiar expansion of exp (ia cos Bt) in a Fourier series,” and 
where €)=1, €,=2, m2=1. The trigonometric integral has the value (cos mwot)6?,/€é,, 


so that (2.17) may be written finally 


20 ; 1 T 
F,(z, &; t) = (— 1) "em COS Mwol J — dt§ Jm(Aol|te j2)Jm(Aolto +f el . (2.18) 
a ins, s 


When (2.16) and (2.18) are substituted in the expression for the complete correlation 
function R(t), we may expand exp [—y(é)zé], obtaining 


Amal 1)" wt "Em (1)" COS Muot 


R(t) mt ; oe ee es | H mn (to )H malt + t) Desa C2. 19) 
m=0 n=0 n! 
where 
1 - as ) 
B aalte ) = —f 2"f(iz)J m(zAolté |e“ ¥"/2de, | 
2rJC 
t (2.20) 
Han(ti +2) = fei Inlet + t])e-¥8/2dé, 
2rJC 


The average indicated above in (2.19) is the time average over the phases of the 
modulation. The mean power spectrum of the output wave follows from (1.6) and 
(2.19), and is 


bo 
to 
— 
er 


Wwe L Te =e maf), 


m=0 n=C 


where Crn(f) is given by 
Cman(f) = sf y(é)" COS mul Cos wt | H mn(té )H mn(tg + t) Jay.dt, w=2nf. (2.22) 
0 


The quantity [Hmn(td )Hmn(te +t) |.yv. is, in fact, a kind of correlation function, by 
formal comparison with (A2.1), except that here no statistical averages appear be- 
cause A(t) is periodic. We can also write formally 


21 Watson, Theory of Bessel Functions, Cambridge Univ. Press, 1944, sec. 2.22. 
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| H mn(te )Hmn(te + t) = 


1 2 + 
wit s"flisyevitds f eylitye ¥8°/217,,(2A [to |)Jm(EAo[te + #]) Jav.dé 
= c 


oo 


= > exhimn COS kugt, (2.23) 


0 


where f4(=w,/2m) is the fundamental frequency of Ao(t) and Ax, is a mean-square 
amplitude, which depends on y, the amplitude of Ao(t), and on the dynamic char- 
acteristic of the apparatus in question.”? Equation (2.23) is the result of developing 
the Bessel functions in series, or the expressions integrated first over z and &, and 
arranging the result as a series in cos kwat. The explicit evaluation of Aimn is in general 
a difficult task. In some cases the work is simplified by taking the time average first, 
in others, by integrating over z and é initially. There seems to be no simple way of 
handling the integration problem presented by (2.23), but usually the average over 
the phases of the modulation must be performed last. Some illustrative examples 
are given later in this section. 
From (2.23) we observe that (2.22) becomes 


ns 2 
Cualf) — p €ihimnCkmn(f), (2.24a) 
k=0 
where 
Crmn(f) = af Y(t)" COS mwol Cos kwat cos wtdt; (2.24b) 
0 


the mean output spectrum (2.21) finally takes the form 


Wi) = HY (— 1) 2* = hiwalema()- (2.25) 
: 


m=0n=0 k=0 


The effect of the rectifier or similar non-linear device is to “mix” or cross-modulate 
the noise and signal components with one another so that the (unfiltered) output 
contains the following three classes of modulation product: (a) noise X noise, which 
gives rise to noise, no longer random with Gaussian properties, (b) noise X signal, 
which results from the beating of the signal components with the noise wave and 
which in turn also yields non-Gaussian noise, and finally, (c) signal Xsignal, pro- 
duced by the cross-modulation of the various signal components: this last is entirely 
periodic and free from noise. A d-c component is often present, but not when the dy- 
namic characteristic is symmetrical, for then the average of the cutput, as well as the 
input, vanishes. Further subdivision is possible when there is modulation, as we may 
then distinguish between modulation products generated by the separate (incommen- 
surable) components of the carrier and modulation, but essentially the three main 
classifications (a)—(c) still hold. 

The different contributions to (a)-(c) may be distinguished in (2.25), since for 
(a), exclusive of the d-c, we may write, with m=k=0, n21, 


% It is also possible to express the average in terms of the moments A}, A}, on expanding the Bessel 
functions with the help of the relation on page 148 of reference 21. 
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rir - ( wi i )” 
Vi (f) noise x noise — - 


n=1 


hoonCoon(f)s (2.26a) 


' 
and for (b) we have m=1, n21, k21, giving 


ir . : : a 
Wf Jnoies X signal = + = =: , 
n 1 k=l 


ln 


1) m+n 2 
h km nC | mn (f ) . ( 


bo 


.26b) 
n! 


Type (c) occurs only for m21,k20, n=0 or m20, R21, n=0: 


W(feignal X signal 
_ > z. nl— 1)” ae : 5(f _ mfo _ kfs) ~- 5(f _ mfo ae kfa) ’ (2 P 26c) 
‘ee ') ( ) 


-0 
where we have used the delta function to indicate the “discrete” nature of these 
components, located in frequency at mfo+kfa. The spectral distributions (a) and (b), 
on the other hand, representing noise, are continuous. There remains only the d-c, 
which is specified by m=n=k=0: 


x 


pe Hew 4 f ( f cos wtit) = hoo of 6(f — O)df = hoo. (2. 26d) 


The parts of the correlation function which contribute to (a)—(c) are easily found 
from (2.19), (2.21), and (1.6). 

We turn now to a number of interesting special cases. 

I. Unmodulated carrier. This is the first and simplest case involving a signal; Ao 
is a constant quantity representing the amplitude of the carrier wave. It is immedi- 
ately clear that the only non-vanishing terms require k=0 (m, n20), so that the cor- 
relation function reduces to the form given by Eqs. (4.9-7) of reference 2, while 
hmn( =hmno) is expressed by Eq. (4.9-6). For noise alone entering the non linear de- 
vice, the expressions (2.19)—(2.26d) are still simpler, reducing to the forms given by 
Eqs. (3.1)—(3.6) of reference 9. 

II. Carrier modulated by sine wave.** For this important case we have for the 
signal (2.1) 

V, = Ao(1 +A cos wat) cos wot, Ao(td) = Ao(l +Acoswat’), OLfXASZ1, (2.27) 


where \ is the modulation index and Ao is the (peak) amplitude of the carrier com- 
ponent. For the moment no restriction is set on f4 and fo, save that they be incom- 
mensurable, which is another way of stating that Ao(t) and cos wot are uncorrelated. 
Of course, for Ao(t) to be spoken of as a modulation in the usual sense, the frequency 
f4 must be much less than fo. 

We require the value of [Hmnn(td )Hmn(td +#) lav.. Expansion of the Bessel func- 
tions in (2.20) yields various moments of the modulation, viz. [A$(t/ )A¢2(td +2) lav. 
The average over t follows in the present instance, cf. (2.27), with the aid of the rela- 
tion 


23 For some earlier work on this problem, see J. R. Ragazzini, Proc. I.R.E. 30, 227, 1942. See also 
sections 4.1, 4.2, 4.10 of ref. 2. A theoretical discussion of this problem in the case of half-wave rectifica- 
tion has been given by the author in a paper submitted to the I.R.E. A companion paper by Fubini and 
Johnson verifies the results experimentally. 
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1 af 
Taal?) = = f (1 +d cos 0)%(1 +A cos [6+ ¢])2d0, = wal, 
£7 0 





ag 7/2,(7-1)4 (2/d)?** 
=> 27 C(—1i DO Ci Ai[- a) j-21-—— (2.28) 
j=l i=0 (j — 2%)! 


x cos (j—2i) oF [37 — 2i — ai), AGG — 28 — ai +:1)314 9 — 23; d°], (2.29) 


where a; and a are integers, the C’s are the usual binomial coefficients, and A;= 4} 
when j=2i, and ,A;=1, 7#2%. The limits on the second summation apply accordingly 
as j is even or odd, and [a]s=a(a+1) -- + [a+B8—1], [a]o=1. The expression 
(2.29) follows from the development of (1+ cos [6+¢@])* in a series in cos 6 and the 
result™ 


1 2r 
f (1 + A cos 6)! cos kéd0 
2r 0 


(— D)x(— A)* 
oe Fi [3(k —D, 3k —1 +1); k + 1;)?]. (2.30) 
From this it is also easily seen that when ¢=0 


fit 2(O0) = F,|— (ay + ds), $(— di = Ge ot J 1; 2]. (2.31) 


Equation (2.31) is helpful if one desires to determine the mean power in the wave. 
A short table of Ia;,a,(@) is given below. 











Taste I 
" _ — ™ scsi sialic anata . —— { 
1: =0 1 2 3 4 } 5 
| = se ee ores 
a:=0 | 1 1 1+d2/2 1+3d2/2 1+3d2/2+3\4/8 11+5d2 
1 } | +15\#/8 
1+(d2/2) cos 1+A2(4$+-c0s ¢) 11-+(3d2/2)(1+c0s ¢) 11 +42(3-+2 cos ) 
+-(3X4/8) cos @ | +(3A4/8)(1+-4 cos ¢) 
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| +3a4/8 | +(34/8)(1-4+4 cos 4) 
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Once the correlation function has been found it is comparatively easy to de- 
termine the mean power in the output by setting ‘=0 in the appropriate expressions 
for R(t). As shown by (A2.6) and as discussed more fully in Appendix II, this is 
equivalent to integrating over all spectral components, “discrete” or continuous. It 
is also evident that the mean total power W, in the output wave is independent of 
spectral shape of the input distribution provided all significant components are in- 
cluded in our calculation. Thus from (2.19) and (2.23) we may write, setting ¢=0, 


24 Reference 2, Eq. (4.2.17). 
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0 ow (— 1 
W,= R00) =), > — €m¥(0)"|H mn(te )? Jav. 


m= n=O nN. 


1) "+ "emexy (0)” 
~— i (2.32) 


~ cee (> 

a X X nN. 
for a general, modulated carrier rectified in the presence of random noise. The power 
in the continuum W, is readily obtained from (2.32) and (2.26d), viz., W,= W,—- Wa_- 
=W —hi., or by omitting from the sum the term in k=m=n=0 in (2.32). In a 
similar fashion, to determine the portion of the total power output attributable to 
modulation products formed by (a), noise X noise, (b), noise X signal, and (c), signal 
signal, we have only to consider in (2.32) those terms for which m=k=0, n21, 
m2=1, n21, k21, and m21, k20, n=0 or m20, k21, n=0, respectively. 

One may also calculate the mean power in the output without knowledge of the 
correlation function, for if Wi(V;,) is the first order probability density for the input 
wave (2.10), then by definition the mean total power dissipated by the rectified 
disturbance in a unit resistance is 


W, = g(V,,)? | £(Vin)?Wi(V in)dV in, (2.33a) 


a 


with a corresponding expression for the d-c component: 


Wae = [e(Vin) |? = \f e(Vin)Wa(Via)d Vinh (2.33b) 


=) 


The quantity Wi(V;,) has been derived independently by Rice® and Bennett” 
for the case of the simple sine wave and noise. For noise alone it is given by (2.5); 
the distribution is more complicated when a signal is present. The drawback to (2.33a) 
as a method of determining the power output, however, lies in the difficulty of per- 
forming the integrations when g is discontinuous, for instance in the half-wave linear 
rectifier, where g>0, V;,>0; g=0, V <0. Equation (2.33a) is useful only when the 
characteristic g exhibits no abrupt variations, cf., “small-signal” detection, in which 
the incoming disturbance has a mean square amplitude small compared with the 
curvature of the dynamic path (see Sec. 8), or when noise alone is subject to recti- 
fication, see Ref. 9. In such cases (2.33a) is to be preferred because it yields results 
in terms of a finite number of (tabulated) functions, whereas the corresponding 
expression for W, obtained from R(0) is given as an infinite series which does not 
converge too rapidly. On the other hand, use of the correlation function has the ad- 
vantage that from it can be predicted the order and nature of particular modulation 
products or groups of products, i.e., whether the contribution arises from notse X noise 
or noise X signal, etc. This, as we shall see in the next section, is an important prop- 
erty of the correlation function, especially useful when the incoming wave is spectrally 
narrow compared with its central frequency, for then the output is composed of 
separate harmonic “zones,” any one of which may in principle be isolated with a 
suitable filter and examined. 

3. Narrow band waves. So far, in discussing spectra and correlation functions no 
restrictions have been placed on the spectral nature of the input wave, which is com- 


*6 Reference 2, Eq. (3.10.6). 
* Reference 6, Eq. (3.6). 
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posed, in its general form, of periodic or of a set of periodic components and of a noise 
term. Moreover, in determining the mean power spectrum of the output disturbance, 
no additional modification of the wave has been assumed other than that attributable 
to the non linear i,—e, (output current vs. applied voltage) path of the rectifying 
device. In somewhat different language this means that the circuits of our apparatus 
contain only filters whose amplitude response is uniform (for all frequencies) and 
whose phase shifts vary in linear fashion with the frequency. This means that we re- 
strict ourselves to non linear elements whose instantaneous output does not affect 
the time dependence of the incoming wave, i.e., to resistive loads, no feedback, or at 
worst to plate (and grid) circuits whose reactive components are small compared with 
their resistive ones—all of which is required for essentially one-valued dynamic 
paths (Fig. 1)—then we may introduce the effect of filters into the analysis, observing 
that now they simply modify the frequency spectrum. In the case of filtering the input 
the spectral shape is altered, but the quality of the wave is not altered; it is still a 
Gaussian random process. On the other hand, if the output is filtered, not only may 
the original, i.e., the unfiltered output, be changed spectrally, but also the quality of 


Fic. 2. Narrow-band input noise (power) spectrum, centered about f,. 
t 

the wave is affected, in as much as the output is no longer Gaussian, because of the 
intervening non linear operation. The distributions of the output amplitude, how- 
ever, remain unchanged by a filter, provided that the pags-band of this filter is sufficiently 
wide compared with the spectrum of the transmitted wave. If it is not, then there is a 
tendency of the filter to restore randomness to the distribution by filtering out the 
higher frequencies characteristic of the distortions due to curvature of the dynamic 
path and to the “ceiling” produced by cut-off, saturation, or both.* But we can still 
determine the mean power and mean power spectrum, although the distributions 
W;, We, -- +, W, are at present beyond our powers, by observing that 


W (f) sitter in output > W(f) inf. filter in output* | G(f) |2, 


where |G(f)| is the modulus of the output filter response. 
* Note added in proof: The difficult problem of determining the distribution of the amplitudes after 
rectification and arbitrary filtering has been solved by M. Kac and A. J. F. Siegert, J. Appl. Phys., 18, 


383 (1947) for a quadratic detector. 
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When the spectral width, measured between points at which the mean power 
spectrum is but a few percent of its maximum value, is small compared to the central 
or “resonant” frequency, we term the wave narrow-band. A precise definition, of 
course, requires a knowledge of the spectral shape, whether it has one or more maxima, 
where we measure width, etc., but here we shall assume that the spectrum is a simple, 
symmetrical distribution about a single maximum, as shown in Fig. 2. Now an im- 
portant property of narrow band noise waves is that their correlation functions may 
be expressed as the product of the correlation functions of a slowly and of a rapidly 
varying term, corresponding to an envelope or “modulation,” and to a “carrier,” 
having the central or resonant frequency f, of the disturbance. (This is shown to hold 
for symmetrical noise spectra in Appendix II (A2.8); for a signal the same demon- 
stration may be made, except now, of course, we have a series of discrete components 
distributed about a true carrier, rather than a continuum about a central frequency.) 
Che correlation function and the spectrum of the output follow directly from (2.14) 
and (1.6) as before, but instead of expanding exp |—y(f)sé] at once to obtain the 
form (2.19), we mav use this property of the input correlation, viz: 


Lif v(t yy Cis qf (A2.8) 


to show that the outgoing wave is composed of an infinite number of spectral bands 
centered about harmonics of the central or of the carrier frequency, or of their modu- 
lation products. Generally speaking, these bands will overlap to varying degrees, if 
fo and f. are different; if fo=f., which is the important case in practice, the modula- 
tion products involving fy and f, will coincide exactly. The different behaviors are 
apparent when we attempt to examine a given spectral region, say one centered about 
the carrier fo. In the former instance (fo#f-) our filter* will exclude part of the 
spectral zone due to the one and include some of the zone associated with the other, 
while for the latter (f-=fo), our filter passes contributions symmetrically disposed 
about fo. For the harmonic regions of higher spectral order, i.e., /fo, lf., 122, the 
former effect becomes more pronounced, since now the maxima of the distributions 
due to the noise and signal are separated by approximately | fo—f.| cycles. Further 
there is a “smearing-out” of the spectra, because all orders of noise Xnoise, noise 
X signal, etc., components are generated. This accounts for the broadening and filling- 
in of the various output spectra; smearing of the carrier and modulation is also ob- 
served. When /=0, we obtain the low-frequency output, or envelope, distorted or 
not depending on the nature of the tube’s dynamic path. This spectral region is 
usually of principal interest in reception, while in transmission the zone /=1 is of 
chief concern, where now our rectifier assumes the réle of mixer (though with a dif- 
ferent characteristic, of course). Figure 3 illustrates this discussion. 
Now with the help of (A2.8) and the expansion 
x 
e ¥rottjeosuet —— > En — 1)’ ,(ztpro(t)) cos pet (3. 1) 


p=0 


we may express the correlation function (2.14) as 


* For this purpose all our filters are assumed, to be ideal, i.e., to have a uniform response over a fre- 
quency range wide enough to include (almost) all the components in a given zone. We say almost, because 
the non linear device produces some frequencies which will lie outside the finite pass-band (see the end of 


Appendix IT). 
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R(t) = = ee (— 1)"*? cos pact cos maa fe f(iz)I m(2A o[té |)e-¥#"!?dz 


i=) p= 


x g {(it) J m(EA ltd + t])e-¥8 dt r(atry)| (3.2) 
/ C 


However, in the case of principal interest 


Equation (3.2) is general for all fo and f.. 
and (3.2) reduces to a series of 


carrier and central frequency coincide, so that fo=f., 


w (f) 








} ' f, 2f. 2f,  23f x4 (— 
—-—-— BEFORE RECTIFICATION 
w(f) AFTER RECTIFICATION 
, MOD. SIGNAL, ' 
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ie) f.= f, 2f. 3f, 4f. f— 


Fic. 3. Narrow-band noise and modulated signal spectra, before and after rectification. The upper 


of the two applies when f-~fo, where the spectral width is much less than either f, or fo. The lower illus- 
trates the spectra when f,=fo. The normalization is arbitrary. 


distinct harmonic regions distributed about /fo,/=0, 1, 2,3 - - - , the harmonics of the 


carrier. Thus, from the fact that replacing }>*_o >-7o €m€p( ) by )-®_-2 D3--«( ); 
since J»,(a@)Jm(B) = J—m(a)J—m(B) and I,(y)=J_,(y), and collecting all terms of 
COS PwWol COS mwol which yield cos lwot, we observe that the correlation function for 


the /th band is 


(— 1)* cos lasot : 2, 
R(t) = — €}m—2} ‘ f(iz)J m(A o(td |z)e¥*"!2dz 
Cc 


4dr? m=0 
x I ((i2)I m(Aoltd + LE) Tym sere-ve ag} 
x Cc 


I x v*%r0 (t)? 2¢+ | m--1| 
— 1) cos lao 
: “=, 2249'(q + im —1l)! 


x lH, m (ie) He, |m— t+2q(te + t) Ss ’ (3.3) 


av. 
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on expanding the Bessel function Jjm_:|. The complete correlation function is, of 
course, >. R(t). By (A2.6) and (2.23) the power in any zone is 


© ylm—lle a) y292--24 
R,(0) = (— 1)! 5 ———— > ——— < tah min- tite (3.4) 
— eel Ce qi(q + |m—1| y! 
since 7o9(0) =1. Here also we see an illustration of the theorem stated previously, cf 
(2.32) and Appendix II, namely, that the power in a spectral region, here an harmonic 
zone rather than the entire output spectrum, is independent of the spectral shape of 
the input noise and also of the signal spectrum. This naturally simplifies the calcula- 
tion of the power, once R;(t) has been found. 

4. The biased rth-law rectifier. In the preceding section certain general aspects 
of the theory of modulated signals and noise passed through non linear devices have 
been outlined. Specific results in each instance depend on the evaluation of integrals 
of the form (2.20). Here attention is directed to the important case of the biased 
vth-law detector, whose dynamic characteristic g( V) is given by 


= g(V) = B(V — by)”, V > bo, y>0o0 
= 0, V < bo, 


(4.1) 


and 8 has suitable dimensions for the output to be a current when the incoming wave 
is a voltage; by represents the cut-off voltage, measured from the operating point in 
the manner of Fig. 1. The Fourier transform of g is readily shown to be 


x _ or ‘@ + 1)e~ ~izbo 
f(iz) = (2V 9(V)dV >... 4.2 
(iz) J orn Ga (4.2) 


With the help of (4.2) the integrals (2.20) may now be determined, in a variety of 
ways leading to different, but equivalent results, the form of either depending on 
whether exp (—iboz) or Jm(Aoz) is expanded in a series, followed in each instance by 
termwise integration. The former approach yields a series in b=bo/p'/?, where the 
coefficients of the various powers of b are themselves series in the parameter 
p(t) =[Ao(t)]?/2y, while the latter is expressible as a series in p(t), the coefficient of 
whose general term likewise is an expansion in b. The two developments, while valid 
for all values of the parameters 6, p(t), and y, vary in their usefulness for different 
ranges of b, p(t), and y. 

Let us consider first the case where exp (—izbo) is given as a series. The general 
integral (2.20) becomes accordingly, with the aid of (4.2), 


_ br Y + 1 . 
Hm,(t) = — a. ore to] (2A o(t))e~¥* '2dz/(iz)’*! (4.3) 
2r Cc 
BI(v + 1 9 — 4% . 
jet oe a ) im’ 1s" — ( is =f stenrnay 1] ,,(zA o(t))e ~y2"/2de 
2r k=O R! Cc 
6r (y ia 1)e- (m+n) xi/2 y (v—n)/2 : 
" ———- (=) p(y? 
2m! 2 
2 (— 1)*2#/254, Fi [((k+m+n-—v)/2;m+1; — pO] (4.4) 
\ . 


oe Poi keath tn ME tat 


k=O kRIV[(2+1—k—m—n)/2] 


this last from Appendix III, Eq. (A3.15), where also are mentioned some of the prop- 
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erties of the confluent hypergeometric function ,F;. For an unmodulated carrier p(t) 
is merely a constant p=A%/2y. Observe also that when (2+v—k—m-—n) is zero or 
an even negative integer the modulation products contributed by such terms vanish, 
in virtue of the poles of r{(2 +v—k—m —n)/2). Further, when p is integral, only odd 
values of k appear, m+n even, and only even values of k when m+n is odd (except 
for2+v>k+m-+n>0). Equation (4.4) is best suited for computation when b=b)/p'/? 
is of the order of unity or less, even for a wide range of values of p(t). Values of b>1 
yield too slow a convergence, and the alternative development is then needed. 
The expansion of the Bessel function in (4.3) gives us 


r ' re 
ye r (t) = B ‘wt ) 1 v <F. : (- . )* of ) -~ f 22h + m+ n—v—1o- izbo~¥2"/2gq 
2m imo RCR + m)!22**"™ Jc 


and from Eq. (A3.17) we obtain finally 


Brv~+1) ae 7 
Hnn(t) = — “ae e vimsnn(S) p(t) 12>" amnkp(t)*, (4.5) 
Z “~ k=0 
where 
1 (Fy [(2k + m+n — v)/2; 1/2; — 62/2] 
= eae r[(2 +» — 2k —m—n)/2] 


r[(i+v — 2k —m—  n)/2]} 





7 W[(2k +m+n—v-—1)/2;3/2; - “eh - 46 


—+/2b ininitahdpsiiiadshaataenaeaiaaaihainga iat 


Here large values of b are clearly more easily handled, especially when the asymptotic 
series for ,Fi, cf. (A3.3), can be used. Also equations (4.5) and (4.6) in general offer a 
more satisfactory form from which to determine the time average over the phases of 


the modulation, viz: 


[Hmn(té )Hmn(te + 2) av. 
PTO + IFl— T°" séy*s. = - 
~ eT (<3) YD eemnrjcemnry [P(td 2p (ts + t+]... (4.7) 


4 2 
when the spectrum of the output is desired, cf. Eqs. (2.21), (2.22), since a double 
series is sufficient, whereas if (4.4) were used, a fourfold infinite series would result 
for the average. A similar superiority of (4.7) over (4.4) is noted in the limiting case 
of p(t)“1. Observe also from (A3.9) that for integral values of v(>0) the various 
Qmnk reduce to the functions defined in Appendix III (A3.4), and are thus expressible 


as Hermitian polynomials. 
A detailed discussion of the above in the case of the biased linear rectifier or mixer 


ky=0 ke=0 


is reserved for a later paper. 
Limiting cases are of interest: We consider first: 
Case I: bp 0, Ao(t), V0 and finite. Equations (4.4) and (4.7) reduce, equivalently, 


to 





BY(y + 1) yy \o-»/2 Fi [(n+m—v)/2; m+1; — p(t) ] 
inieniapaianiaminana cimenreis( ©) penn f ; — 
2 r[(2 +» —m—n)/2] 
— fp el +m+n—v)/2;m+1;— pd] ted. (4.8) 
rhi+t+ey—m— n)/2] 


Fl anlths 0— 
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From (4.8) the expressions for half-wave rectification, )=0, follow immediately. 
Case II: bp > + ©, Ao(t), W finite. Here it is convenient to use the second form (4.5) 
of H,,,(¢) and apply the asymptotic series (A3.3) for :F;. It then may be shown that 


A an(be.. 20. (4.9) 


SINCE Gmnz—0 for all terms in the asymptotic development. This is to be expected 
physically, since with an indefinitely large cut-off voltage the finite signal amplitudes 
and even the possibly infinite noise peaks are not transmitted, the latter because they 
arise a vanishingly small fraction of the time, since the mean power in the input 
signal and noise waves is finite. On the other hand, when bp— — ~, we find from (A3.3) 


and (4.5) that 


_ Ar (v + 1l)e : 2y T 2" "| bo} ia i A,(t) = 
Fi wld te « o= Rieter gues = 
eer. (2 +» —m—n)/ 2] 
f y Aj (1) 
x 41+ —]j1- a (m+n—v+1)(m+n—v)+---?, (4.10) 
\ 2bF 20(m + 1) ' 


which shows that for y>m-+- n the output contains increasingly large terms, while for 
v<m-++4n all such contributions become negligibly small. As an example, consider the 
linear rectifier, y=1. Here only the terms (m, n) =(0, 0), (0, 1), (1, 0) are significant: 


Hoo = 8 by ; Ho sds iB; H(t) = iBA o(t) 2° Hm,(t) — 0, m + n> i. (4. 10a) 


The first relation becomes infinite, since infinite (negative) cut-off voltage must be 
supplied when b)>—— ~; the second result, when substituted in (2.21) and (2.22), 
gives the mean power spectrum of the output noise, which is easily seen to be the 
same as the input spectrum except for the constant factor 8, and finally, the third 
expression is observed to be the mean power spectrum of the input signal, undistorted 
because now the linear rectifier is essentially a linear amplifier. In general (4.10) may 
be said to hold for a small-signal vth-law detector (see Sec. 7). 

Case III: Ao(t)-0, bo, W finite. Here the modulation or carrier contribution is al- 
lowed to become small. Then the principal term in H/,,,(¢) obtains when m=0, and 
correction terms when m=0, k=1, m=1, k=0, and m=2, k=0. Either (4.4) or (4.5) 


reduces to the following 


_ A (y + 1)e~*"*/? y (v—n)/2 
Sus nae —, ae _ ) ; Crono + Qoni p(t) + e. $4 


2 
iBT (v + y n)/2 
H,,(4) = - —— —(* ) { p(t)/aimo t+ - fy (4.11) 
Rl rnil? / Y\(-n)/2 
H o,(t) ee —(- ) } P(t) c2n0 - wae oe 


For noise alone we have 


r'( 1 ~wni/2 (v—n) = _ 72/2 
Hon(t) = hon = sd: : (=) {o il(n v)/2 /2) 


ae 2] 
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— b/2 Fil(n ie = 1)/2; cb kd an , (4.12) 
r[(a +» —xn)/2] 
and in the special cases y=1 and vy =2 we obtain with the aid of (A3.9) the equations 
of Reference 9 when there is no saturation. 
Case IV: Ao(t) >, bo, p finite. The signal is taken to be very large, and again the 
asymptotic relation (A3.3) is in order, this time applied to (4.4) as p(t)—>«. The 
result is 


BI(y + 1)(— 1) (mt e2e—r tg) 1 
HH mn(L)a 0) ca Oe prams 
r[(2+y»—n+m)/2] £Wil2+»—n—-m)/2] 
2.1 (2+ n + m), 2) 
oe (4.13) 
Aor +v—n-+m)/ 2\(1 +yv-—-n- m) 2 
and including terms in A o(t)~! we may write 
1 
H mo(t) = BV (v + 1)2-°71(— 1) "Ao (0)” er 
ric 2+v+m) 2|r[(2 +» — m)/ 2] 
2600 (2 + v + m) 
ah rr, os 
(Or[(1 +» + m)/2]r[ +» + m/2)] f 
Hamil) = iBT + 1)2-"(— 1) ™Ao(0)' 
J 1 
peveeineniiaasin +---$, ete. (4.14) 
ir[( +e + m)/2)r[(1 + » — m)/2]A0(0) 


This shows the complete suppression of the noise when A o(¢)>y'/*. Further, since the 
cut-off and r-m-s noise voltages are comparable in that they are far smaller than the 
signal, they, too, are negligible in their effect, and we have essentially half-wave recti- 
fication of a modulated signal alone. In the special instance of the low-frequency 
output of the half-wave linear detector, we have from (4.14), m=0, Hoo(t) SBA o(t)/z, 
in agreement with Eq. (40) of reference 8. 

Case V: ~~, bo, Ao(t) finite. This corresponds to the case in which the noise 
overwhelms the signal and much exceeds the cut-off voltage. Equations (4.4) or (4.5) 
reduce to 

Br(v + 1) 
H n(t)y oe ————~ (— 1) (mtd Yon) 122 (nvm) 124 ot) m 


2m! 


il(n * m — v)/2;m+ 1; — p(d] 


r[(2 +» — m— n), 2] 
bov/2 1 il(n +m +1 —»)/2;m +1; — p(t] 


i oe r[(1 + y — m — n), 2] 
bo Film +n $2 —Mjeti- rl, ) (4.15) 
a r[(v — m — n)/2| y 


and the significant terms are 
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Apuat, selotovaty , y, 


sr(v + ee bov/2 T[(2 + v)/2] 














7. 4 P'(v/2) 
‘ar 1 (v1) /29—(v+1)/2 by 9 >r{[a + /2 
ite ree —41 ee TE : 
r[(@ + 1)/2] yr? T(v/2 

Hy(t) 2 — | -aye _ Dov 2 rid . v)/2] a \ | 

r[(i + v)/2] v T'(v/2) 
Hoo(t) 2 — BV (v + 1)y/2)-12--/2/T(v/2); 
Ho(t) 2 — BT (v + 1)w!?-2-/2)-34 o(t)2/pT'(v/2), ete. (4.16) 


Observe that the terms containing pure-signal or cross-term contributions, »=0, or 
m, n¥0, vanish at least as y~'/2, and only noise is left. Thus when the input noise 
voltage becomes sufficiently great in comparison with the signal, the latter is sur- 
pressed. In particular, for the half-wave linear and quadratic rectifier, the low-fre- 
quency amplitude of the output (m=n=0) becomes from (4.16) 


Hoo(t) = (d = c) 


BT (y + 1)y"? ‘= By? og | 
~ 26D+8P[(y + 2)/2] a Tig MAO/W)earm-o» PO KI 





(4.17) 
= B[Ao(t)/2],—2,%<0; 
the first of which is Eq. (39) of reference 8, and the second, Eq. (29). 
Case VI: ~-0, bo, Ao(t) finite. Here it is convenient to distinguish two cases in 


the limit, one where bo| >A>(t) =O and the other when A(t) > | by =0 For the first 
we use (4.5) and (4.6) as b>, along with (A3.3) to obtain the not unexpected result 


that 





Han(t)y~0 = 0, bo ~*~ A(t) Pa 0, (4. 18) 


since the cut-off voltage exceeds the input signal (envelope), so that the wave is not 
passed. However, when | bo| >Ao(t), bb<0, we have a different situation, where now 
the incoming disturbance, which is essentially pure signal (hence »=0 in the limit 
y=0), is transmitted without distortion due to cut-off or saturation effects, albeit 
with distortion due to the non linear nature of the dynamic path, v1. The expres- 
sion for the amplitude is accordingly 
. er 
H mo(t) = AY + 1) 


2a 





J e~ ‘J »(Ao(t)2)dz/dar*". £6.89) 
Cc 


When },<0, | bo| >A,(t) we may use (A3.8) in conjunction with (A3.19) to get 
finally 
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BI( + l)e x mi/2 by | t m 
A aot) = = _ Pat ) : ‘e| : iF aa oF \(m — v,m —vt+ : 
rT [(2 + » — m), is ee | 
m +1: Ag(t)/bs), bo <0, |bo| > Aoé), ¥ =O. (4.20) 


On the other hand, when | bo| <A,(t) we obtain from (4.4), including a correction 


term, 
H inn(t)y a= BI'(y + 1 )e—(ta)96/22 0-0-1 4 .(¢)°-* 


x 


— 1)'2*b{1 + v(m + n+ k—v)(n—m+ k—»)/2 Ao(t)* 


2 ae )'r[(2 +» — k—m—n) 2\r[(2+»—k+m-—n)/2] 


and when Y=0 we may sum (4.21), 2=0, or use (A3.19) to get 





+- oe (4.21) 


2 
Bl(v + 1 oF 1|(m — v)/2, (— m — v)/2; 43 bo/Ao(t)? 
H no(t)y = wr 1) e mritag(ay | [( ) ’ ), 2 0 o(t) J 


Pu+1 


Tl +» + m)/2]r[(2 + » — m)/2] 





Ao(t) r[(i tv + m)/2|r[i+»—m)/2] 
Q = bo 4 A(t). 


2bo Fs ‘i L(m —v + 1)/2,(— m—v + 1)/2;3%; bo/. to(#)’ ah - CBee 


For half-wave detection we have the simple result 
Bry +4 1) e~™ri/24 o(t)” 


H mo(t)%=0,¥—-0 = —— — ————_—_—__—.- (4.23 
- att P[(2 +» + m)/2)P[(2 + » — m)/2] ens 





Power and spectra may be obtained in the usual manner (see Sec. 2). 

5. Probability density of the envelope and phase of a modulated signal and noise. 
In handling the problem of passage of noise or a signal and noise through a non linear 
device, it is sometimes convenient first to determine the various first and second 
order probability densities associated with the incoming wave, and then with their 
help derive the expressions for the mean power output and the correlation function 
associated with the transmitted disturbance, after it has been modified by a rectifier 
or similar non linear apparatus, cf. Eq. (1.7b), for example. Now in particular when 
the noise and signal are narrow-band, vide Sec. 3, this method, alternative to the use 
of the characteristic function [Eqs. (2.10)—(2.16) ] suggests itself. The purpose of this 
section and of section 6 following is to obtain explicit expressions for the probability 
density of the envelope and phase of the general type of modulated carrier in the 
presence of narrow-band noise. Only in such circumstances may one properly speak 
of an envelope or of phase—i.e., when the part of the incoming wave due to noise and 
modulation is essentially slowly varying in comparison with the carrier frequency fo 
and the central frequency f. of the noise band. After rectification it is usually this 
envelope, the low-frequency part of the disturbance, that is observed. 

The input is 


V(t) = Ao(t) cos wot + Vi(d)y 
(A cos wat + V.) cos wt + (V, — A sin wal) sin wel, (5.1) 
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where fa is the difference frequency fu=f.—fo and A =Ao(t), from (2.1) and (2.2). 
Here V. is the component of the noise “in phase” with cos w¢ and V, is the com- 
ponent “in phase” with sin wf, e.g.: 


x 


- (a, COS wt + 5, sin wz t), 


n=1 


V. 


Il 


2 


V. = > (— a sin w/t + b, cos wy 2); Wn = Wn — Wey 


respectively. By the envelope is meant 
E(t) = [(A cos wat + V.)? + (Vs — A Sin wat)? }'/”, (5.3) 


which is a slowly varying function of the time provided faXfo, f. i.e., the centers of the 
noise and signal spectra are not too far apart in frequency. The quantities A, V., V, 
are, of course, relatively low-frequency disturbances. 

Our first task is to obtain the joint probability density of EZ, and £2, where F; is 
the envelope at time ft) and £2 its value at some later time to+¢?. We derive the dis- 
tribution of Va, Veo, Ver, Vez, and V. initially in rectangular coérdinates. Letting 


Ay= V e1 = kB (a, COS w, to + db, sin Wn to); 
n=1 

XK. =Va= Zz, la, COS wy (to + t) + Oy sin wy (to + t) | 
n=1 

X2 = Va = Dd (— an sin wf ty + by C08 wf be); 
n=1 


X, = Veo = DY [— a, sin wy (to + 2) + bn CoS wn (to + 2], 


with the help of (2.3), (2.4), and the generalized Gaussian distribution (A.3), we ob- 
serve that 


X? = xX? = X23 = X? = f w(f)df = ¥(0O) = wir = Mee = M33 = Kas, (§.5) 


w(f) as before being the mean power spectrum of the noise; for X,X; and X,X, we 
have 


Xiks = Aske -{ w(f) cos (w — w-)ldf = polt) = rol(t)W = wis = waa; (5.6) 


(see Appendix II). It is also evident that X,X_=X;X,=0, as there is no correlation 
between the “in-” and “out-of-phase” components of the noise. There remains finall 


) 


xaks =- Tike -{ WJ) sin (w — w, td f = Ao(Hy = pox = — bi (5.7) 


Accordingly, if welet Yj =A coswat+ V., Y2= —A sinwat+ V,, etc., the various Vj, ¥2, 
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Y3, Ys represent random variables distributed about the averages Ao(td') cos wato, 
—Ap(td) sin wato, Ao(td +t) cos wa(tott), and —Ao(td +2) sin wa(to+?t), where no 
correlation between the modulation and the carrier, as well as the noise, is assumed. 
Thus A,;=Ao(td) represents the envelope modulation at a time ¢/, not analytically 
related to to, and Az =Ao(t¢ +2) is the same modulation a time ¢ later. Equations (5.4) 
become 

Vo+ Ay Sin wal; 


Y, + A» sin w alo a t). 


ll 


X, = ¥; — A; cos wal; Xs 


X3 = Y; —_ Ao cos wa(to a t); na 


(5.8) 


Equation (A1.3), where s =4, gives us the joint distribution W2(X,X2: X3X4; A:A2; 0), 
for which the fundamental matrix is 


y 0 rw = —Xow 

0 y AoW row 

row AoW y 0 
—Aov roy 0 v 


v= ||He|| = (5.9) 





From (5.5)—(5.7) and from (5.9) the determinant | and the cofactors p*! follow at 
“4 


once. Since (5.1) may be written V(t) = Y; cos w.t+ Yo sin wt, the envelopes of the 
wave at the two times ¢/ and tg +¢ are respectively 
FE, = (¥i+Y2)" and Es = (¥3+ ¥4)"2, (5.10) 
and following the example of Rice? and others, we transform to polar coérdinates 
with the help of 
Y,= Ey cos 6;; Y> = Ey sin 41; Y3 = E, cos Oo; Y, => E, sin Ao, (5.11) 
for which the Jacobian is easily shown to be E;F. 
The probability density W, becomes finally 
W of E, Eo; 060; A 149; t) 
E\ Es. 1 io? 2 2 2 
“ah | homer see 4 ee ee 
4r°y(1 — X% — £8) 2y(1 — Ag — £9) 
aa rok iE cos (5 —_ 6;) acs 2r oF Ee sin (A aaa 0,) 


a 2roA 1A 9 cos wal + 2r0A 1A 9 sin Wal 


+ 2E» sin 02[Ae sin wats — roA1 sin wats | 
+ 2E; sin 6:[A1 sin wali — roAe sin w at» | 
oe 2ro[E2A1 sin 02 COS wat; — E,Az2 sin 6; cos w ate | 
4 2ro[E2A 1 COS 05 sin wat; — EA, cos 6; sin wats | 
— 2F, cos A, [Ay COS wal; — roA2 COS wats | 
- 2F. cos 6. 1. COS Wyle — oA, COS was} |, (5.12) 


where t;=¢o, f2=to+?. It should be pointed out that W2 as given by (5.12) is not 
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purely a probability density, in as much as averages over the phases of the modula- 
tion and over the phases of the difference frequency terms involving wali, wale remain 
to be taken. Since the modulation and difference terms are not correlated, these aver- 
ages are independent and, for example, may be determined in the manner of (2.12). 
Although periodic disturbances are not, strictly speaking, random, they may be 
treated as such on assuming a random distribution of the time origin with respect to 
an hypothetical observer. In this way the phase may be considered a random variable 
uniformly distributed between 0 and 27, and a statistical average accordingly may 
be performed for the function containing this random variable. See section 3.10 of 
reference 2 for a more detailed discussion. 

It is evident at once from (5.12) that the presence of a modulated signal introduces 
considerable mathematical complexity, and comparison with the results of Secs. 2 
and 4 would indicate that this form of treatment is perhaps in most cases not so 
expeditious. Further, it is restricted to narrow-band disturbances, while the ap- 
proach of Sections 2 to 4 is more general. However, a considerable simplification in 
(5.12) is possible if we observe that for w’ =w—wo, Eq. (5.7) becomes essentially zero, 
i.e., Ao(t) =0, since the input spectrum is narrow-band and symmetrically distributed 
about f=f, and f. heavily exceeds the effective bandwidth of the noise, as now the 
contribution from 0 to —w, nearly cancels the integral from 0 to ~. It follows that 
all terms in (5.12) containing \o(t) may then be safely discarded. 

The case of greatest practical interest occurs when the carrier and central noise 
frequencies coincide; then wza=0, and with the usual condition \o(t) =0 we have for 
W, 

E\E2 2 2 
W,=— ——— exp — (A: + A2 
4n*y?(1 — r?) 
-exp — [Ei + Ez — 2roE:E2 cos (02 — 61) 
— 2E,(Ay — roAq) cos 6, — 2Es cos 02(As — 70A1)]/2¥(1 — ro). (5.13) 


— 29¢A1As)/20(1 — 10) 


9 
9 


Notice that when t~ we obtain the square of the first-order density Wi. Then 
since ro(*) =0, Ao(*) =0, Eq. (5.12) transforms in the more general case where 
wa~0 to 
3 E oe. he Pm he , 
lim (W.) = W, = —exp — [Ao(t)? + E? — 2EA((t) cos ¢]/2> , (5.14) 
lave ( 2p 
in which ¢=6+wat is a new phase angle. The probability density of the envelope E 
is found by integrating over all phases 0, or ¢, between 0 and 27. The result is 


W(E, Ao(t)) = (E/p) exp — Io( EAo(t)/W) [Ao(t)? + E?]/2y, (5.15) 


a generalization of a result derived independently by Goudsmit,?”? North,’ Rice,’ 
and others, when the carrier is not modulated, i.e., when Ao(t) =Ao. The complete 
first-order probability density requires the average over the phases of the modulation, 
in the manner explained following (5.12). When there is no signal we have the well- 
known expression W,(£) = Ey exp (—E?/2y). Figure 4b illustrates some typical 
distributions of W, for various values of the ratio Ao/p', or »/2p'/2. As we would 


27 S. A. Goudsmit, Comparison between signal and noise, M.1.T. Rad. Lab. Report 43-21, Jan. 29, 1943. 
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expect, the presence of the signal shifts the average and the most probable values of 
the distribution to larger values of the envelope voltage, such that for sufficiently 
strong signals the most probable value of E coincides with the peak amplitude Ao. 





W,(9; Ao) W, (E;A.) 
2: WV 
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Fic. 4. Curves (a): the probability density of the phase ¢ when the carrier is unmodulated. Curves 
(b): the probability density of the envelope E of an unmodulated carrier and narrow-band noise, for 
various ratios of peak signal to r-m-s noise amplitudes, as in the case of (a). 


The probability density W,(@, Ao(t)) for the phases follows in a similar manner. 
From (5.14) we have after integration over E with the help of (A3.2) and (A3.7) 


1 T 1/2 
W (0, Ao(t)) = — em Aol sing)" /24 (=) A g(t) cos 
Tv 


2 2 


ra 


+ ti- hi - ake 61/20] ,  G.16) 


and again to determine the pure distribution W:(@) we must average over the phases 
of the modulation A (t) as described above. The expression ¢=0+wat introduced 
first in (5.14) is a new phase variable, shifted from the origin of @ by an amount 
that increases linearly with the time; Eq. (5.16) might be considered a periodically 
fluctuating probability density. However, the statistics of the phase @ or @ are not 
radically affected; the density functions are the same in either case, only the average 
values of 6 and ¢ are different in the interval 0 —2z7. Note that when there is no signal 
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W,(0) =1/27, as we would expect. Figure 4a illustrates the variation of the phase 
density for an unmodulated carrier where the ratio Ao/W'/? takes the same values as in 
the example of Fig. 4b for the envelope. For no signal the distribution is uniform; as 
the signal strength is increased relative to the r-m-s noise voltage the phases are 
grouped progressively closer about the 0°-phase of the carrier, until for no noise, or 
what is the same thing here, for an overwhelming signal, the density becomes a delta- 
function at ¢=0. Strong signals thus dominate the distribution of the phases for the 
noise, and strong signals tend to obliterate the random phasing. The curves of Fig. 
4a are symmetrical about ¢=0, the complete interval being —1 <@Sz or 0<¢@S2z7. 

The second-order probability density W2 for the envelopes £; and £2, or the phases 
6, and 6. may be determined in the same way that W; was. We have finally”* 


W(E\ Eo; AyA2; b) 
Ei k, 2 2 2 2 2 
= —exp — [Ei + Eo + Ai + As — 2A sA ar |/2¥(1 — 19) 

y7(1 — 75) 


a rok E A —s roAo A» = TyA 
“ > eal n( sien ) tm ( Seegetete £1) tof Es), (5.17) 
= y(1 — 72)/ “\ yt — ri) y(1 — 73) 


A similar but more complex result obtains from (5.12) if wa#0. When there is no 
modulation (5.17) may be more simply written 


: : : E,E2 —Ap 2 . . 2 
VV o( Ei Eo; t) eee exp| na eee ae (Fy se E2) 2y(1 a ro) 
¥°(1 — 76) ¥(1 + 71) 


“ (ry EyE2 AyEy Av Es 
2, tubal )10( . )1m( ), (5.18) 
: (1 — r?) v(1 + ro) v(1 + 1%) 


{ 
and for no signal at all we have 


aie E\E2 - 3 2. rok ke ‘ 
W (Ei E>; t) = eceeetinaninee EGy = (FE; + Ee)/2¥(1 — ro) Tol — ~—a (5.19) 
y7(1 — r) v(1 — 76) 

a result originally derived by Uhlenbeck*’ and used by him to determine the correla- 

tion function R(t) = E,E for a half-wave linear rectifier when random noise alone is 
detected. 

The probability density for the phases 6; and 62, w,=0, follows in the same way 

i 


from (5.13), the final result taking the form 


W 2(8:02; AiAo; biog i [4r2(1 ei r.) | ; 


exp [- (Ay +}. A> — 27A1;A2)(1 — ro — cos? 0; — cos? 02)/2y(1 — ro) | 


2 [2ro cos (02 — 61)7" 1 m+ 3 —m 2 
x >| ——— | fax2yyr( : ) (= ; #3 - «i/4) 
a m! | Z - 


1 — rj 


28 The result (5.17) has been obtained independently by Rice (communication to the author), for 


the less general case of an unmodulated carrier, 4i=A2=Ao. 
29 G. E. Uhlenbeck, Theory of the random process, M,1.T...Laboratory Report #454, Oct. 15, 1943. 
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m : m-+ 1 © 
+ (2 + 1).F(- ee ;4;- 0/4) 
f ,.. (m + 3 : m 2, 
x 9a2(2y)! ‘Ti - 9 Fit — 9 ; #; = «/4) 
m m+ 1 » 
+ I i + 1). _ > ; 3; —_ a>/4 . (5.20) 


a, =}; cos 6), d2 = be cos 82, (for b;, be see Sec. 6). 

6. The correlation function and mean power for the envelope of a signal and noise. 
The results of the preceding section may be used in (1.7b) to give us an expression 
for the correlation function and the mean power associated with the envelope of an 
incoming signal and noise wave. Our primary interest is with the low-frequency out- 
put, or detected envelope, but the general treatment will first be outlined in brief 
fashion below, before returning to a more detailed examination of the former. 

For the general non linear device we follow the suggestion of Rice (ref. 2, Sec. 4.3) 
and use the Fourier transform (1.8) to represent our output current J =g(V) asa func- 
tion of the input disturbance V=E cos (w.¢—@). Expanding the exponential in a 
series of Bessel functions gives us 


T= > 1,= > BE) cos (wt — 8), (6.1) 
l=0 l=0 
where B,(£) represents the envelope of the /th output band, viz: 
; ie; ; 
B,(E) = =f f(iz)J(Ez)dz, (6.2) 
2x Jc 


which in principle may be observed When all other contributions are eliminated by 
an appropriate band-pass filter, centered about the /th zone and followed by a linear 


half-wave rectifier or “envelope tracer,” as it is sometimes called. If Wi(E) is the 
probability density of the input envelope, the density function for the /th region is 
Di (E) = BY E)W,(E) = Wi(B,) Bi E)dB,/dE, (6.3) 

since 
W,(B,) = W,(E)dE/dB,, (6.4) 


where W,(B;) is the density function of B;. This latter quantity, W:(B1), may be 
found from (5.15) and from (6.2) by differentiation. For higher order densities we have 


| 0(ByBez) 


|, ote, (6. 4a) 
| 0(E,E2) 





W(Bu, Bar; t) = W (EL, Eo; »/ 


An important consequence of (6.4) and (6.4a) is that these results enable us to de- 
termine the probability density of the envelope of a distribution after successive non 
linear operations, provided, of course, that in each operation the concept of the en- 
velope remains, i.e., we have a narrow band wave undergoing rectification and not 
one whose mean frequency is comparable with the carrier. 
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The correlation function and the mean power may be written in a similar manner. 
We have from (2.12), (5.12), and (6.1) for the complete correlation 


2 a 7? T 2 20 2r 2r 
R(t) — z. } rs f ‘ “J "retdte f Bs f Bs f anf d02B,(E1) Bn(E2) 
0 0 


l=0 m=( 


W2(E,E2; 0102; A149; £) cos U(weto — 01) cos m[we(to + t) — 62], (6.5) 


which simplifies considerably when the noise band is symmetrical, i.e., \o+0, the 
carrier is unmodulated, and wz=0. The spectrum may be found from (1.6). The mean 
power associated with the /th harmonic region is given when ¢=0 in (6.5), but an 
alternative and sometimes simpler expression may be obtained with the help of 
W,(B) and (2.33a), applied to (6.1), (6.2) after averaging over the phases of the zone 
central frequencies Jw. 

Specifically, let us examine the interesting case of the vth-law half-wave rectifier 
when a modulated signal and narrow-band noise together enter the apparatus. This 
is essentially the receiver problem, as we are concerned only with the low-frequency 
output—namely, the modified envelope. Then it is in keeping with the problem to set 
wa=Xo(?) =0, the latter on the assumption of a symmetrical spectrum, and we find 
for the noise contribution to the correlation function as indicated by the subscript 


N, ef. 2(.11), from (5.17) in (6.5), 


R(t)n -f Es f dE oBo(E,) Bo( E2)W (Ey E. As 1; t) 
0 0 


E Eor 
= y*f(A1A9; Fo) Den f dE f dE(E,E; ee ~) Tm(61E1)1 m{b2E2) 
—+# 


m=0 


x e7 (E+E) /2y1- *,) (6.6) 
where f(A;, Az; fo) is given by 


f(Ay, Aas ro) = 21 — 19)! exp [(— Ai — Aa + 2704 1A2)/2¥(1 — ro) ], and 


A; — roA2 Az — r0A1 : » 
(iin: heey PIES om. (6.6a) 


v(1 — v8) v(1 — 7%) 
The scale factor y is related to the tube factor 6 used throughout this paper by 


r ik 1 f 
y= = f sin’ 6d6 = : es oe 4s (6.7) 
2rd o 2\/mr T[(v/2+ 1)} 


This follows because in (6.6) we are dealing with the envelope E rather than the 
amplitude V of the wave. Now the output current J consists of the positive halves of 
the oscillations of BV’, while the envelope of J is the same as that of BV’. But the area 
under the loops of J is to the area under BE” as the area under a loop of sin ’@ is to 
an area of unit height and length 27, so that as far as the low-frequency portion of 
the output is concerned the loops of J are “smeared” together into a current which 
varies as yE’, with y given by (6.7) above. Compare the appropriate results of the 
present section with those of the next, where the problem is treated from the point 
of view of the instantaneous amplitude. 
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There appear to be three principal ways of evaluating R(t), each yielding results 
different in form and usefulness. The first is achieved with the aid of the transforma- 
tion 


= [ya — ro) J¥2s! 26/2, E, = |y(1 — ro) |¥2a/2¢ ei. (6.8) 


followed by “y? successive application of the expression for the product of two Bessel 
functions (cf. (2), p. 148, ref. 21), the integral form of the modified Bessel function 
of the second m4 1 ((7), p. 182, ref. 21), of argument n—2k, and finally, by ((11), p. 
410, ref. 21). The second form follows after expanding I,(E,E2ro/W(1—r2)) and using 
termwise integration, with the help of (A3.7), and the third employs a contour inte- 
gral representation of the Bessel functions in (6.6) applied to the addition formula for 
To{(x?+y2+2xy cos @)'/2|, along with a reversal of the order of integration. We give 
the final results: 
For the first method we have 


i m ae m 
. ' 2 es 5 2 = Cade Se 
R(t)n = y22°W'(1 — 19)’ tem Art 42-2704 1Ae] /24 19) = > pret ht SD 


m+n 
m=0 n=0 2 m! 


o (cr! co) "Ty, 2+ k+m-+ 1)P0/2—-k+m+n +1) 
~ k! (k +m)! (n — k)! (m+n — k)! 


| 
' 


y 


x oi(— + ht mt —k+mtntiimt tin), (6.9) 


a=b[y(1—%) ]"?, 2= belY(1—v% 0) "2. 


In the case of modulation we must now apply (2.12) to determine the average over 
the phases wyfi. As one can readily see from (6.9) the effort is formidable, even for 
the simplest modulations. However, a less general but nonetheless important case 
arises when A; =A2=Apo, a constant. With the assistance of (A3.20b) we obtain for 
the complete low-frequency correlation function 


e emro pmtn 
R(t — y?2’y’e “a ¥(1+19) ciniaiiciainse 
F £t (1+ + 1)? m+2n 
<%t Tv/2+k+m+1)l/2-k+m+n+41) 
k 


0 kk + m)1( (n — k)!(m +n — k)! 


Vv v 2 ; y 
4 (4 —-—-—-n,-k-—- > im +1; r), P= Ai/2y. (6.10) 


}) 


For noise alone the low-frequency correlation is at once found from (6.10), since only 
the terms for which m=n=0 contribute: 


(7) 29y . v ’ . v v 3 

R t noise — y+ y I 2 + 1 of 1 i 2 ’ ia 2 ’ LE °:) 

y’B?2"-? fv + 1\? v y 2 

wea (7) a(-2) -S stn), (6.11) 
T 2 2 2 


the latter from (6.7). For the second method we write 


II 
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/ as 2 2 . 3 
R(t) = y?2°(1 — ro)’t4y exp {| — (Ai + Az — 270A1A2)/2p(1 — 10) j 


2n+m 





x > y Emo I'(m oe nN + y/2 oe 1)?(cic2) ™ 
nat ont (m!)?n!(n + m)!2™ 


9 
. 


; ¢ 
xX Fa(— + m+n 4 1; m+ 1; So) a(S +m + n+ 1; m+ =), (6.12) 


equivalent to (6.9), while the counterpart of (6.10) is 
énfo (: - 7. 2 70 Tm + n+ 1+ 9/2)? 








R(t) = y22-Y(1 — r0)"*e-? DO 


mao (m!)?\1 + ro n= n'(n + m)! 
v (1 -— ro) 2 
KF - 8 — (a+ 1; - 9 (6.13) 
2 1+ 7 


from (A3.2). When there is no signal it is easy to verify that (6.13) reduces to (6.11), 
again with the help of (A3.20b). 

There remains the third approach. This enables us to write finally, for the correla- 
tion function 
| =. (p/2+ 1)m 
R(t) = yy —_ ro) 24(A 1A9; ro) T'(v/2 + 1)? >> — 


m=0 (m 1)? 


1 f grtleé [Ero — C162/2|?™dé : (6. 14) 
D 











lz = c 2 ]r/2ti[¢g — c3/2 ]/2+1 

The path D of integration in the £-plane is taken to be sufficiently large so that the 
series in the integrand converge satisfactorily. The contour also includes any branch 
points and poles of the integrand of (6.14). Expanding the deneminator of (6.14) in 
series and using the binomial development of (&ro+cic2/2)*™, gives, after termwise 
integration for the case when there is no modulation, viz., A, =A2=Ao, and ¢;=¢2=Cc, 
c?/2=p(1—7o)/(14+70), 


2ri 


2 : 2 (v/2 +)m(2m)! 
R(t) = yt (= + 1) (1 — 79)’tte-” wild = 


m=0 ™m™. 


2m— 
2m a" "er(1 — ro)" 


nao 2!2(2m — n)!(1 + 70)" 


x Fil[— 2m —v —1 +n; n+ 1; — p(l — 1r0)/(1 + 10) ]. (6.15) 





A somewhat different form of the same expression is found by making the substitu- 
tion z= £—c?/2, and again expanding (&ro+c?/2)™ in a binomial series, followed by 
termwise integration of the resulting series. The low-frequency correlation is then 


- 2m—n 
ns 2 + 1 m 2m)! 2m 1— n n 
R(t) = ryt (= 1) (1 — ryyrtten? se G/ )m(2m) ( ro)"ro 








rae m!? an (2m — n)!n! 
© | i 1-+r—k r 2 
poo RK!'L 1+ 79 T(v—k+2)lv+n— k+ 2) 


Notice that when » is integral, the series in k terminates after y-+2 terms. 





477 


NOISE THROUGH NON-LINEAR DEVICES 


1948] 


A7/iv =4 Jajauesed 
ay} JO Sanjea snoeA Joy JayiI01 Me]-Yy4 aaem-jyey eB Bur 
-MO]JO} JUaUOdWIOD 9-p 3} Ut yndjno samod uvayy “9 “SI 































































































































































































oe og « O01 ° 10 
ae _— 
— ’ 
eT SS" 
a Y rs LAL. 
rt ZILA NLL 
4 4 x LF 
mene Z Z Z 
Fd A rd Y- va ; 
61 / q 
LILA L 
/|_ 
| A a / 
Lhe 
6 P Y 
ZL fp 7 
(ALY 
an an a we 
] a SS SE, AS 
fF ——} - 001 
ah, 0/°-*m 





‘*7/V=4 Jajawesed 34} 
JO Sanjea jo Jaquinu & Joy ‘Jay{}Ia1 MEI-YI4 BARA-jTeY B Surmojjo} 
sjuauodwios Asuanbasj-Moy ay} ur yndyno Jamod uvay *¢ “OIA 


: c 
oc " 
oz 01 51-0 








szo 





















































































































































478 DAVID MIDDLETON [Vol. V, No. 4 


The mean total low-frequency power (W,)9 and the power in the d—c com- 
ponent W.a_. may be obtained respectively for the various cases considered above on 
setting t=0 and t= © in R(t). However, a simpler way of obtaining the same results 
is to use (6.6) or (6.7) with (5.15) directly. Application of (A3.7) then gives us 


(W-)o = R= yw + 1)Fi(— ae E- - Pp), Ay = A, = As, (6.17) 


and for the d—c 


= v : v 2 
Wa-e = (0)? = veer ( = 1) F(- ten r) : (6.18) 


When the carrier is modulated we have only to average the various p(tj)’ that are 
present in the above. Curves illustrating (W,)o and Wa. as a function of the law 
of the detector are included in Figs. 5 and 6, for a number of values of p=A?/2y. It 
is interesting to note that the output powers actually decrease as v increases in the 
interval 0 ~vy —1.0 when the signal is weak relative to the noise. Strong signals sup- 
press the noise, and the output is then proportional to p’ for both total-, low-frequency, 
and d—c powers, namely, 


(We)o B2y?2Wp (1 + v?/p+---) and Wa. Sy?2yp(1 + v7/2p+---), (6.19) 


from (A3.3). 

7. General half-wave rectification of random noise. A relatively simple case of 
considerable interest arises when random noise alone enters a non linear device which 
passes only the positive amplitudes of the incoming disturbance. The current-voltage 
characteristic assumes the following general form: 


I = BV’, V > 0, v>Q0 
= 0, Y-<@, (7.1) 


where we restrict ourselves to unsaturated cases, corresponding in practice to (rela- 
tively) small-signal rectification. Here V represents the instantaneous input noise 
voltage, and J is the output current. 

The analysis of the present section is more general than that of Sections 5 and 6 in 
that it is capable of handling broad-band noise, where the concept of the envelope is 
no longer meaningful; it is less general in that signals are excluded from the discussion. 
Also, a more detailed study of the higher order spectral regions is included, for the 
case of narrow-band noise. In fact, Section 7 is in itself a study of a special case of 
the analysis of Sections 3 and 4, when there is no bias and no carrier. 

(a) Broad-band Noise. We consider first the case of wide-band noise, whose central 
frequency, spectrally speaking, is comparable to the bandwidth of the disturbance. 
See Fig. 7(a) or (b). From (2.9), (2.11), and (7.1) the correlation function of the out- 
put in the absence of a signal is 


By’ a) F ) . 
R(t) = er ax f dX2(X1X2) 


x exp [— (X] + X2 — 2rX1X2)/2v(1 — 1°)] (7.2) 
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where r(¢) is the normalized input correlation, cf. Eq. (A2.7). The integration of (7.2) 
may be effected directly by using polar coérdinates: x =p cos 0, y=p sin 6. The latter 


approach gives us for (7.2) 
Hy? © ora) . 
IE tem egecenentnanceree —f sin’ od f +e 0"dy, 
pea —epey J, SS, 
a= (1 — rsin ¢)/2(1 — r?) 

ByT( + 1) — r*)*} f " sin’ odd (7.3) 
OO ——— —_—_____—__—__—__; rd 

4a o (1—rsin @)"*? 


I(f,< 2f,) 
yo-c 
w(f)——— AF TER. RECTIFICATION 






w(f)}---—-—— BEFORE RECTIFICATION 




















0 f 
@) 
I(f, >2f,) 
Y™o-c 
| 
' 
0 ° 
(b) 
IT (f,>>2f») 
oWo-c 








t 2f, 





Fic. 7. Examples of narrow-band and broad-band noise before and after rectification. 
The normalization is arbitrary. 


where the substitution 26 =¢ has been made. Expansion of the denominator and term- 


wise integration (since r sin @1), with the help of 
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- bd @ i v+np 1 
sin’ ¢(1 — r sin ¢)-°t) = > r"(sin ¢) (vy +n-+ 1) 
n=0 niT(v + 1) 
r[(y + 2 + 1)/2] 


= . 
sin’t* ¢d¢ = ————____—_—___— (7.4) 
J r[(v + n)/2+ 1] 


and 





} a) 


yields 
— Bw — rr? = er l[ + nt 1)/2)Te + 0 + 1) 


> — A Bae Sa lt. A 


4\/ 4 aut aI [ + n)/2 +1] 


B22"-2y" 1\2 +1 1 
ee ex ryade(? + )ri(’ 22 “**4:7) 
T 2 2 2 


R(t) 


sal = \.r 1-—vp l-—vyp — - 
+ 2rl 77 ): 1 i. ’ oe ary, (7.5) 


this last with the help of (A3.20b). The series form of (7.5) is more convenient when 
the spectrum is desired; R(t) may be written accordingly 





RO = —— 2 Tay 


4 n=0 


pay sc o/nine + n/apae 


[a - as ene) (7.6) 
(2n + 1)! ii 


A number of interesting special cases follow from (7.6). For half-wave linear rectifiers 


(v=1) we obtain 





2 


R(t) a1 = = (ar(- $,-— 43535977) + *) 


2a 2 
= *{,(sietr + =) + (1 — yr, (7.9) 
2 2 


a result derived independently by Van Vleck, North, and Rice (see Sec. 4.7 of refer- 
ence 2). Half-wave quadratic detectors (v =2) give us 





By? / x s i 
R(é) <2 = (= (1 + 2r?) + 4roFi(— 3, — 3; ¥; )) 
2a 2 
= “(GF + sin~! ra + 2r?) + 3r(1 — rye ; (7.8) 
2r 2 


We may continue in this fashion when » is integral and write R(t) =f(r, (1—r?)"/?, 
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sin~'y) with the help of the recurrence relations for the hypergeometric function. 
The total mean output power W,, the d-c power Wa_., and the mean total a-c 
power W,_. all follow at once from (2.26d), (2.33), (7.5), and (A3.20a). We have 


finally 


' B*y’2” 1 B? vQr—2 4. 1 2 
i ee a r(° ) : Wo. We — Wee (1.9 





2 


< 


\ 7 Tv 


Curves of W,, Wa, and W,_. are shown in Fig. 8. It is evident that characteristics 
for which » is large (>2) exhibit outputs which are chiefly a-c. The spectra associated 
with the output may be found from (1.6) and (7.6), where integrals of the type 


Con(f) = af r(é)” cos wtdt, w = 2nf, 
0 


must be considered. Observe that when »r is an even integer, the first series in (7.6) 
terminates after the term for which »=v/2, and when » is odd, after n =(vy—1)/2. 
In particular, the mean output spectrum for the linear rectifier is 


Wm = = fay - 0) + coalf) + $e , (7.10) 


T n=1 m!?2?"(2n — 1)? 





and for a quadratic detector 


B? 2 
W(f)—2 = fail — 0) + 4c0.1(f) + me0,2(f) 
2x 


x“ (21) !co,2n+1(f) \ (7.11) 
aut [n!22(2n — 1)]2(2n+ 1)) ’ | 





+4 


where 6(f—0) is the familiar delta-function. Curves illustrating (7.10) and (7.11) 
when the input spectrum is Gaussian, Eq. (A2.9), w.=0, are given in reference 9. 

(6) Narrow-band Noise. The output now consists, as explained above in more 
detail in section 3, of bands of noise located about harmonics of the central frequency 
f.. The spectra associated with these harmonic zones are “smeared out,” or distorted 
from their original shape, as Fig. 7(c) indicates. Our result (7.6) is expressed in a form 
convenient for obtaining the correlation functions associated with the various har- 
monic regions /f.,1=0,1, 2, 3, - - - , and hence the spectral distribution of the mean 
power and the mean total power itself pertaining to these regions. 

Here the input correlation function is given by (A2.8). When this is substituted 
into (7.6) we obtain series involving (cos wt)?" and (cos w,t)?*"+!. The expansion in 
multiples of wt is then used, and the correlation function of the /th zone follows from 
(7.6) on taking those values of m such that 7 =(2n—/)/2(20) is integral for even J, 
and 7 =(2m—1+1)/2( 20) for odd values of 1(>0). We may write finally 





2 
v+1\? - (—. v/2)nro(v)*" 
R i) = —122 vQr—27" en l ot . nen 
() = +BY ( 2 ) «cos . 2 (n — 1/2)\(n + 1/2)! 


1=0,2,4,--:-, (7. 12a) 
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Fic. 8. The mean total, a-c, and d-c power outputs 
of a half-wave vth-law detector when the incoming dis- 
turbance is broadband noise, as a function of »v. The 


right-hand scale applies for the ratios. 


and 


v e «© 
R,(i) = T 1BY"2! r( : + 1) cos lw t > 


l 


3.0 


Fic. 9. The mean total and a-c powers associated 
with the low-frequency output when the incoming 
random noise is narrow-band, as a function of v. The 
d-c power cutput is the same as that in Fig. 8, and the 


right-hand scale applies in the case of the ratios. 


[(1 = v)/2 Jnr?" 
2 [(2n — 1+ 1)/2]![(2n +14 1)/2| 


ee eee (7.12b) 


We observe that contributions to the spectrum about the frequency /f. arise from 
terms for which n 21/2, (1—1)/2; values of n less than this do not appear. Now (7.12a) 
and (7.12b) may be summed; for even values of / we set n—1/2 =m, m=0,1,2,---, 


and find that 
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2 2n P 2 2m 
ey | — V, 2|,70 — . ss {— v/2\m+1/2%o 
ae (n—V/2)\n+1/2)! mim +))! 


2 2m 


ro(— »/2)u = [(1 = v)/2|mo 


l! m=O m'\(1 + 1) 


l 2 
roj—v/2 dental deat : 
| Han(! —, 7 -1+41; n), (7.13) 


and the correlation function appropriate to the even harmonics is then 


R (1) 


Bey'2"? ( 4) r[@ + 1)/2}? ! 


ro COS lw-t 
1/2 i 


l-—y l—i 2 

x Fal wea a? M+ tin), fae @: 206+ <, (7.14) 
A similar procedure for odd values of J, letting n—(1—1)/2=m, m=0, 1, 2---in 
(7.12b) yields 


Bry’2" 1/1 — v\? r[v/2+ 1]? , 
R,(t) : a —— r, COS lwel 
(l-1)/2 . 


T < 


? 


l-—yv l-—vp 2 
x ail — —;]+ Lin), fm 8.5, 5y2°*. (7.15) 


Notice that when the detector characteristic is an even power of the incoming wave, 
only those zones for which / is even and equal to or less than v (even) are produced, 
while all odd harmonic zones (1=1, 3, 5, 7 - - - ) appear in the output. A like situation 
is encountered in odd-powered characteristics: only the zones for which 0</ Sv 
(1 and v odd) are generated, whereas all even regions exist. The above is analogous 
to the half-wave rectification of a sine wave if we identify the narrow-band input 
noise with a sinusoid having the frequency fo=f.. The amplitudes, and hence the 
powers, of the zones about /f, corresponding to the sinusoidal components /fy) =/f, are 
not equal, as a Fourier analysis readily shows, but their number and location in the 
spectrum are. 

Of particular interest in practice is the low-frequency output /=0. The complete 
low-frequency correlation function is seen from (7.14) to be just (6.11), which in the 
instance y=1 may also be expressed in terms of the complete elliptic integrals E 
and K of modulus fro: 

Rot) 1 = is 


T 


{ Ero) — 3(1 — r0)K(r0)}. (7.16) 


For the quadratic rectifier the form of Ro(t),-2 is quite simple: 


Ro(t) mo = BW2(1 + 10)/4. (7.17) 


When v is even we obtain a polynomial in ro, viz: 
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? 
Ro(t) ,-2n = B°y”’ | | Fi(— 2, — 2; 1; ro) 


2ntly! 
By” (2n) 2 2(n—j) 
‘ [: =< al en. (7.18) 
Lette! jun 


The d-c component may be found when 7 is set equal to n. 

Again we may determine the various powers by setting ¢=0 or ¢= ~ in (7.14) and 
(7.15) and using (A3.20a). The mean total power in the low-frequency region and 
in the d-c are respectively 


B*y’2’-- | 1)I 4+ 1)/2 
(W,)o = Ro(0) = v2? Pe + DELO + 1/2) | | 





T I'(v/2 + 1)? 
B2y’2’-? y+ 1\? 
W ae = Ro( o) =- 2 r( ). (7.19) 
wT 2 


the latter agreeing with our previous result (7.9), as we would expect in virtue of the 
general theorem stated at the end of Appendix II. The higher (J >0) spectral regions 
are pure a-c. The mean a-c power as in general 











2 vDv-2 2 r 1 9) 1) 
tiie ~ «(-=) [@ + 1)/2)P@ + 1) | 
- 2 r (@ 4 +1)/2+ 1]? 
1 = 2, 4, (7. 20a) 
and 
2-1/1 — v\? T(v/2 + 1)°r 1 
| oe (=) viet y nh ee Tt Ce ee 
7 2 Juve TIo+D/2+ 1]? 


The contributions from all harmonic zones to the total output power > :Ri(0) is 
simply the first equation in (7.9). Figures 9 and 10 show W, as a function of v for 
several different values of /. It is interesting to note from Fig. 9 that when vy <2 the 
d-c power exceeds the low-frequency a-c, while for y>2 the reverse is true. Contrast 
this with the behavior of broad-band noise, Fig. 8. We see also in Fig. 10 that over 
the usual range of v, i.e., 1<v<2, the power associated with the higher zones (/2 3) 
is quite negligible for most purposes compared with that in the zones 0, 1, and 2. In 
the instance of narrow-band noise the fundamental (/=1) spectral region appears to 
have the greatest relative mean power. Examples of spectra for regions 0 and 1 are 
to be found in reference 9. 

8. Small-signal detection and full-wave rectification. The method of section 7 
is particularly well suited to the study of the important practical case of small-signal 
detection. This process is characterized by input amplitudes sufficiently small so that 
cut-off, corresponding to large grid-voltage swings in the negative direction, and 
saturation, arising from excessively large positive swings, are both avoided. For 
periodic disturbances or in general for waves limited in amplitude, it is possible to 
achieve this condition. For noise we must modify the “small-signal” concept by speci- 
fying that the instantaneous voltage amplitude of the input does not enter the regions 
of saturation and cut-off (vide Fig. 1) more than a given percentage of the time. In 
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our analysis we assume that this percentage is small enough to permit us to replace 
the physically bounded dynamic characteristic by one unaffected by cut-off or satura- 


tion. 
We may represent the small-signal dynamic path, or dynamic transfer character- 


istic, as it is sometimes called,®° by the following 


T= ap taV +aV? +--+ +aVit+--- = Di oV*, (8.1) 
k=0 





( p*y” 


5.0 


107! 


) 1.0 20 3.0 
v 


Fic. 10. The mean a-c power outputs associated with the various output 
harmonic regions (1=0—4), as a function of ». 


where V is again identified as the disturbance on the grid and J is the instantaneous 
current output; the series (8.1) is assumed to converge. The quantities a, are dimen- 
sional constants, for resistive tube loads, and may be described in terms of the tube 
parameters pM, 7s, 7p, Orp/de etc. (See Eqs. 3.41, 3.42, reference 30.) For reactive loads, 
however, the a; are complicated functions of the frequency and hence of the input 
and output waves. As before, our study is restricted to cases where the plate loads 
are primarily resistive. 





30 H. J. Reich, Theory and application of electron tubes, McGraw-Hill (1944) pp. 74-77. 
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(a) Noise Alone. When the applied voltage V(t) is random noise, the correlation 
function of the output is from (2.9) and 1.7b) in normalized form 


R(t)y = [2e(1 — 72)? +f ax f dy I (ap2!2) I (yyp2!2) > 24? Baur) 207°), (8.2) 


The substitution of (8.1) in (8.2) gives 
R(t) = [2r(1 — r?)?/2|-1 7. th a jap itt f vide f yid yen (ety —22ur) 120") (8, 3) 
I=0 kel -00 oo 


The integral in (8.3) may be evaluated with the help of polar coérdinates, the method 
of section 7, or by expanding exp. (xyr/(1—r?)) and applying (A3.20b). The result 
in either case is 


x x 
O;.(7) = [2r(1 — r*)} 2| f eo = (20—r vide f yreny (20 eturlO-r dy 
-x —0 


0, 7+ k odd, 
 sebdhtaig j k 
= 2 -r(2 +1)r( +1) 
Us Zz 2 


1—; 1-—-k 3 
x Fi ( —», - - - pity i, k both odd, 


2 2 2 
2 i+1 k+1 
2 (LE (2 
T 2 2 
j k 1 
x r(- —),»; — ; - r) j, k both even. (8.4) 
z 2 2 


Observe that the hypergeometric functions terminate. Equation (8.2) may be written 
finally 


Rit)v = dD ajaw +0; .(r), j + k even. (8.5) 
7=0 U 
Only when j+ is even is there a non vanishing output. This quite naturally follows 
from the basic assumption for our random noise that it contains no d-c and conse- 
quently has the average value zero, i.e., #=9=0, and so x/ and yk also vanish (j, k 
odd) for the infinite time average. Then it is clear that xiy* on the average must be 
zero provided j+& is odd, as borne out by (8.4). This also follows at once from (A1.4) 
et seq. when »,=0. 
The output spectrum is obtained from (8.5) and (1.6), and the total output power 
is found as before on setting t=0 in R(t)y. With the aid of (A3.20a) we have 


oa ee y j+k)/2 / pe k ; 
W, = R(0) = ta so aya ( : ) G + k)! / (? —)! Fi + k even. (8.6) 
zZ / 


j=0 k=0 


In practice only the first few terms are generally significant, because a; and a, ap- 
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proach zero rapidly for larger values of j and k. The d-c output is easily derived on 
setting ¢= « in (8.5). The expression is 


Wa. = R(o) = {a(+) i/(Z)h, j3=0,2,4,---. (8.7) 


Equation (8.7) shows that only the even terms in the dynamic characteristic contrib- 
ute to the d-c. The mean power associated with the continuum is now to be obtained 
from (8.6)—(8.7) and the fundamental relation W.= W,— Wa. 

When the input noise is broadband there is no separation of the output into spec- 
tral bands centered about harmonics of the central frequency as explained in section 
3. The spectrum must be calculated directly from (8.5). On the other hand, when the 
noise is narrow-band, a resolution into harmonics is possible, for which the various 
correlation functions and hence the powers and spectra may be determined. We note 
again that the input correlation is given by (A2.8). 

Let us consider first the low-frequency output, as it is perhaps of greatest practical 
interest. Now we observe from (8.4) that only when j and k are both even does r(¢) 
exist in even powers and therefore contributes to the d-c and low-frequency con- 
tinuum. Our procedure for selecting the terms that contribute is similar to that out- 
lined in section 7. Application of the expansion of (cos w,¢)*" to the hypergeometric 
function in (8.4) yields 


(— j/2)n(— k/2)aro ' . 
: : D> Eng anCq COS 2(n — g)wel, j, k even, (8.8) 
( (4),2!22" q=0 


where either limit applies on the first summation, according to whichever is the lesser, 
j/2 or k/2. Only those terms for which g=n contribute to the low frequency and d-c. 


We have then 


12.k/2 (— 7/2),(— R/2Dare axCo k 2). 
) J/ 4) n\ ) = = ahs(- = seat” 1; “) j, Reven, (8.9) 


ial (3), 122" 2 
since (1/2), =(2n)!/n!22". Equation (8.5) becomes finally 
a. é j+1 k+1 
Rov = — > Y aea(2n yore ( : )r( —) 
T j=0 k=0 2 2 
7] 
j k 2 
X Fil — = > : 2 Vek j, Rk even. (8.10) 


The low-frequency continuum is calculated from (8.10) when all the constant terms 
in }°»F, corresponding to the d-c are removed. The mean total power for the har- 
monic zone /=0 follows from (8.10) and (A3.20a), when ¢=0. The d-c power output is 
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seen to be precisely (8.7), as we would expect, and the continuum power (W,), fol- 
lows from (W,)o— Wa. = (We),. 

The above procedure may be applied to the higher spectral zones /21 where, fol- 
lowing the analysis of Sec. 7(b), we may derive the interesting partial sum results 








j k 1 
F,( Ly ws ; —-s ro cos? lad 
2 2 2 
ne l 
ro am bad 
= >) «x2 cos lat — (— j/2)y2(— k/2)a/2 
a6:8, «ss l! 
l—-j l—k ~ ™ : " 
XK oF i os ; > 1+1; n), i, k even, (8.11) 
and 
i—-j 1-k 3 P 
ro COS Wel oF} , * — + £9 Cos? v4) 
2 2 2 
“ Sit wd _ 
y = = 
ee 
l=1,8,++ l! 2 (l—1)/2 2 (l—1)/2 
eens. Fe 2 ' 
X Fil - " 7 1+ 1; n), j, k odd. (8.12) 


From (8.11) and (8.12) substituted into (8.5) one may write at once for the correlation 
functions of the / respective output bands 





7, cosl A +1 k+1 
Rilt)w = €1)2 — ~ De De ax jorn (2p) A #/2(— 5/2) 172 — &/2)uat (2 )r(->) 


l! i=0 k=0 Z 
1—-j l—k 2 ; 
Xfi —)  ——; I+ 1; n), j, k even (8.13) 


for even values of J, and when / is odd we obtain 


2ry COS las 2 = 1-j i—-k 
rn Beets Eamon 5), (5 
! 2 (I—-1)/2 2 (l-1)/2 


j=0 k=0 


i aus 5 l—k 2 
xT eh T <+ 1) 5 4 1+ 1; re), jy odd (8.14) 


From these relations it is observed that for given values of j and k it is not possible to 
have contributions to zones for which / exceeds j or k, whichever is the lesser. Equa- 
tion (8.13) and (8.14) also enable us to determine the various mean a-c powers in the 
continuum of the output, on setting t=0 as before, and with the aid of (A3.20a). 
(b) Signal and Noise. Instead of the input voltage being merely random noise, it 
now consists of a mixture of noise and a signal S, where the latter may or may not be 
modulated. Since the noise and signal are independent, there can be no correlation 
between them. Further, if the signal is modulated, correlation may or may not exist 
between the modulation and the carrier, but in any case there is still no correlation 
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with the noise; (see the first part of section 2). Accordingly, in determining the cor- 
relation function that part, Ry, is obtained by a suitable average over the random 
noise components independently of the contribution arising from the signal. The 
complete correlation follows from (2.12). 

Let S, and S; be the input signal voltages at times separated by an interval ¢. 
Then the total input voltage may be represented in normalized form by 


v= Vi/p? = (Si + X)/P? = 1 + 2; 
te = Vo/p!!? = (Se + Y)/p? = se + y. 


The contribution to the correlation, attributable to the noise, follows from (8.2) where 
now the input is given by (8.15). We find then that 


I 


(8.15) 


o « - 2 
Ry = Zz. } ajawyotr® of (x + siyids f (v + S2)*Wo(x, v; Ady, (8.16) 
i=0 k=0 —« — 
with W2(x, y; t) given by (2.9) after suitable normalization. We note several methods 
of evaluating these integrals. Unfortunately, none of these methods yields very simple 
results, although they appear to be the best available. However, in practice the dy- 
namic characteristic (8.1) may be expressed with reasonable accuracy when only the 
first few terms are considered; the higher coefficients a;, ax, 7, R23 are in many cases 
negligible, and the complexity of the results is consequently much reduced. One 
approach is that used in evaluating (8.3). Applying it to (8.16) one obtains for the 


coefficient of ajaypyGt/?; 


lin = ff (x + £1)"(v + 5e)*Wo(x, v; dxdy 


q 


P 
} A 2(ptal2$) So 


Lt aa > - 


moan PLO — p)/2]![(k — 9)/2]! 


—j q—k 1 
x (2 i, —:—; r), j— p, k — q even, 


II 


? ? ? 


‘ q 
] k 2(pta) 2g? sh 


= Anjlk!2-G+HI2 Sy ——______—____________ 

2 > pulp — DANG —¢— D2 
1—j+ i—sk 3 

x ( Sh - ih : =; r), j— p, k — q odd, (8.17) 


2 2 2 


and when j+k—(p+q)( 20) is odd the integrals vanish. We may also derive (8.17) 
with the aid of the transformation to polar coérdinates employed in section 7. 

Now let us assume that the modulation A» and the carrier cos wot are uncorrelated. 
Then the input signal S may be written 
Si(bo, to )= Ac(te ) COS Wolo, So(to 4. t, ty a t) = Ao(tg + t) cos wo(to + t). (8.18) 
The complete correlation may be found from (2.12) on averaging over the phases fo 
and t¢, and from (2.12) the mean power spectrum follows at once, the mean power 


on setting =0. As an example, consider the general small-signal quadratic rectifier 
a;, o.#0, 752, k<2. With the help of (8.17)*' we find for Ry 


31 See Part II of reference 8, section II b. 
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Ry = a + ¥agar(s: + 52) + Porocre(2 + 51 + 52) + Yor(r + 5152) 
+ W*!*ayar2(Si + S2)(SiS2 + 27 + 1) 
+ p¥as(1 + Qn? + 53 + 53 + 4Srsise + 8182). (8.19) 


If the noise is narrow-band, r=7ro cos wt and further, if the carrier is tuned to the 
center of the noise band, as is the case in receivers or transmitters, then w,=Wp. 
Thus, when (8.19) is substituted into the expression for the complete correlation 
function (2.12) and when (8.18) is used, we observe that the terms involving 
St, S2, Siy Soy S52, S183, S182, Si”, Ser, but not syser, contribute only to the d-c and to fre- 
quencies in the neighborhood of f, and 2f,.. The low-frequency output, exclusive of 
direct current, is from (8.19) in conjunction with (2.12). 


as 


R(t) z.r. = Va {roth + ro(t) Ts (A o1A 02) t.r.dtg 


0 


T? 
+ are) f (Ab.dae) or.dts | , (8.20) 

0 ] 
where we have written Aq (for Ao(é¢) and Ag for Ao(té +¢), and the subscript L— F 
indicates that d-c components are to be removed. Observe that the low-frequency 
output is composed of three contributions: the first in (8.20) is that arising from the 
input noise alone, the second represents the cross-modulation of the noise and signal 
components, and the third is the detected signal envelope, squared, of course, since 
in this instance the dynamic characteristic is quadratic. We remark that only the 
term in a3, cf. (8.1), is capable of rectifying; hence the low-frequency output alone 
results from it. Special cases of (8.19) and (8.20) have been given by Rice, ref. 2, 
Eqs. (4.10.1) and (4.10.3), when the incoming wave is noise alone, or consists of 
noise and an unmodulated carrier. 

As before, vide (8.6) and (8.7), it is possible to deduce (from 8.16) and (8.17) cer- 
tain general relations for the output, total continuum, and d-c power. 

(c) Full-Wave Rectification. By full-wave rectification it is meant that the dy- 
namic characteristic is such that Tout =B| Vin|”. When the incoming wave is noise 
alone, we have merely to multiply the results obtained in section 7 by 2’. However, if 
the input contains a signal as well, Eq. (7.2) multiplied by 2’ still applies, provided 
we write for the lower limits of integration —s,; and —sz respectively, in place of 
x=y=0. Analytically the problem is now best handled by the methods of section 
2 and 3. 

We wish to thank Mr. Rice and Prof. J. H. Van Vleck with whom we have dis- 
cussed these problems from time to time, and also Prof. L. Brillouin, for their helpful 
criticism of this paper. 

Appendix I. In this appendix are briefly summarized the analytical results ob- 
tained when the solution to the generalized, s-dimensional problem of random flights 
is used, with the aid of the characteristic function and central limit theorem,!*:*? to 
derive the multivariate Gaussian distribution law, so fundamental in all problems of 
the type considered in this paper. 

The generalized random-walk problem,‘ resolved by a method due originally to 





#2 J. V. Uspensky, Introduction to mathematical probability, McGraw-Hill (1937). 


1948] NOISE THROUGH NON-LINEAR DEVICES 491 


Markoff,** leads to an expression for the characteristic function Fy(&), whose asso- 
ciated probability density Wy(R) it is our task to find: viz. 


8 1 ’ s 
F y(é) = exp {id Vetx = 2 > > auitih ’ N > i, (Al. 1) 
k=l 


k=l lol 


where the quantities », and pu, are given by 


N N 
m= Den; ma = Dru N>1. (A1.2) 
7=1 j=1 


Here r; is the jth displacement vector, with components rj,=xj, (k=1, 2,---, 5), 
and the range of values of x; extends from — » to + ©; N is the total number of dis- 
placements, here indefinitely large, and R is the resultant displacement. Since Fy 
is the Fourier transform of Wy, we have finally, by the usual methods,* the familiar 
result that® 

exp — 3(X — 3)M(X — v) 


(2x)s/? | p [1/2 


n| J exp {- 





Wy(R) = 


1 s s p* 
2 itis | w| 
where X; is the kth component of R and X,=”; here M is an (sxs) matrix reciprocal 
to the matrix p; | | is the determinant of yp, and y* is the cofactor of ux. Since the 
average of exp (i >-.&X,) is, by definition, the characteristic function, it is a simple 
matter to show that 





= [(2n)* 





(Xx — vx)(Xi — rv} : (A1.3) 


N N 
Xe = ve = Do ini XeX bq = Meee + Peweg = Dy (XjerX ing +H jer Xx.) (1.4) 
j=1 j=1 


by expanding this and (A1.1) and equating coefficients of &, &,&,, etc. In the same 
way higher moments may be found, it being noted that if », =0, all odd-order moments 
vanish. 

Appendix II: Some Remarks on Correlation Functions, Spectra, and Power. 
The fundamental relationship between the mean power—or mean square amplitude 
spectrum—and the correlation function, defined below, is well known. We mention 
it briefly here along with a short discussion of some of the more significant and useful 
properties of the relation in our work, some of which do not seem to have been treated 
previously. There appear to be several approaches, yielding similar results, one, for 
example, through the use of Fourier series,’ the other with the help of Plancherel’s 


theorem.* 
Now let us consider g(#) to represent a suitable function of the time, and let us 


33 A. Markoff, Wahrscheinlichkeitsrechnung (Leipzig, 1912). 

* See ref. 3; also sec. 10:16 of Margenau and Murphy, The mathematics of physics and chemistry 
(D. Van Nostrand, 1943) and ref. 2, sec. 3.5. 

% X and v are column matrices, and ~ indicates the transposed matrix. 

% See E. C. Kemble, Fundamental principles of quantum mechanics (McGraw-Hill, p. 36, 1937); also 
M. Plancherel, Rend. di Palermo 30, 289 (1910). The theorem is also known by Parseval’s name. 
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require that g(t) be in general different from zero ina long time interval 7’, but be zero 
outside this interval. With this in mind we may consider the correlation function for 


g(t), which is defined as 


R(t) = lim : f g(to)e(ty + bdto = [g(to)g(to + by lav.s (A2.1) 
T-— © ¢ 

where now g(fo) vanishes outside the interval 0 <t<T7. The average in (A2.1) is to be 
performed over all phases of the disturbance, and the bar indicates the average com- 
puted over any random variables in the wave: for it often happens that g(t) is a 
stochastic or random function of the time ¢, or at least that some component of g(t) 
is randomly distributed. Analytically such randomness is introduced by treating the 
function as involving a certain number of parameters, and then taking these param- 
eters to be random variables, distributed according to a certain law. Now for any 
given set of parameters there will be a definite correlation function R(t) ,and as we 
shall see, a definite mean-square amplitude spectrum also. However, it is the average 
of this set of correlation functions and spectra that is important for our work. These 
averages may be obtained by averaging over the ranges of the parameters, with the 
help of their distributions, as indicated by the superscript bar on (A2.1) and else 
where. We remark further that should g(¢) comprise two or more incommensurable 
periodic disturbances, the definition (A2.1) is easily extended to include the separate 
averages over the respective phases of the additional components, inasmuch as the 
correlation function of such a wave is simply the product of the correlation functions 
of the separate parts. An important example of this type of function is the modulated 
carrier, vide Sec. 2, where no correlation between carrier and modulation exists. 


Letting 


gy = g(to), (O< bn < 7); fo = g(— lo +t), (—T<t< bb), (A2.2) 


and with the help of the Fourier transforms of g; and gf and Plancherel’s theorem, 
we obtain finally for (A2.1) the correlation function 


- Snr 
R(!) lim f we e wag = f W(f) coswtdf, f>0, (A2.3) 


T+ © 
where W(f) is the mean spectral density defined as 


2| s(f)|? . 


W(f) lim i> = (A2.4) 


T+ 2 
and S(f) is the amplitude spectrum of g(t). The inversion of (A2.3) gives us at once the 


other relation 
W(f) = if R(t) cos wldt. (A2.5) 


The limit in (A2.4) is assumed exist. When it does not, the physical significance of 
(A2.4) is this: it represents the power at some discrete frequency fo rather than a 
spectral distribution over a continuous range of frequencies. Then analytically in the 
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limit W(f) is observed to become infinite at f=fy and be zero elsewhere, such that 
ls W(f)df converges. The spectral density W(f) accordingly exhibits the properties of 
a delta-function. 


On setting /=0 we find from (A2.1) and (A2.3) that 


© ofp)? ra x 
R(O) lim f dt = [ e(to)? Jav. -f W(f)df, (A2.6) 


T+ : 


showing that the mean total power may be obtained from the correlation function 
by putting ¢ equal to zero in the latter; this is in agreement with our definition (A2.4) 
of the spectral density. Furthermore, the mean total power is observed from (A2.6) 
to be independent of the shape of the spectrum, depending only on the integral fy W(f)df. 
It should also be mentioned that the spectrum (A2.4) can never give us the time- 
variation of the wave, since information about the phases is always wanting. Hence 
an infinite number of different functions g(t) may be combined to give the same value 
of W(f). 

It is interesting to observe what happens after very long times. For a purely 
stochastic disturbance, which from (A2.1) is seen to be independent of the average 
over 7, R( ©) becomes zero: there ceases to be any correlation at all between an event 
at time fp and one at f9+#, > © later. But for periodic components R( «) approaches 
no definite limit, since this part of the disturbance is indefinitely repeated and can 
never be said ultimately to die down to zero in time. By considering the oscillatory or 
constant parts of the expression for the correlation function in the limit t+, we 
can determine the contribution to the total power arising from the periodic part of 
the wave, for with the help of (A2.5) and the delta-function the result is seen to be 
(the sum of) the mean powers in the respective components. These quantities may 
also be identified as the coefficients of the constant or of the trigonometric parts of 
the correlation function R(t). The constant part corresponds to d-c, the others, to 
the various discrete frequencies. Thus, in turn, the power in the continuum is 
R(0)—R(#), and may be obtained from that portion of the correlation function 
which vanishes at t= ©. Examples are giyen in Sections 2 and 7. 

It is convenient to use the normalized correlation function r(t), where 


r(t) v(t) /W(0) -f ‘w(f) cos wis / f w(fdf; p(t) = R(t)/R(O). (A2.7) 


Here W(t) is chosen to represent the correlation of a wave entering some non linear 
device and w(f) is its mean power spectrum; p(t), correspondingly, is the normalized 
correlation of the output, when R(¢) is so distinguished. It follows from (A2.7) that 
p(0) =r(0) =1, which is the maximum value of p(¢) and r(¢). 

The important special case in which the incoming noise is confined to a sym- 
metrical band of frequencies narrow compared with the central frequency f., i.e., 


w=w(f—f-) (see Fig. 7c), leads to 


r(t) = ¥(0) f ‘wf — f.) cos wldf = {v00)-* 


4 


w(f’) cos u's COS Wel 


x 


(A2.8) 


= ro(t) COS wl, 
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on the change of variable f—f. =f’, where we have ignored the spectra} “tail” at f=0, 
inasmuch as w(—f,) is assumed to be very much smaller than w(0). As an example, 
consider the Gaussian spectrum w(f) = Wo exp [—(f—f.)?/f?], f./fr>>1; for this W(2) 
and (0) are readily shown to be 
W ows 92 W ows 
y(t) W(0)ro(t) cos wel ( . )e “'S/4 cos wl; (0) = - “ (A2.9) 
2a'!8 Vell 
Wo is the maximum spectral density. In a similar fashion correlation functions for 
other input spectral distributions are easily determined with the help of (A2.7) o1 
(A2.8). 
One may expand the output correlation function R(t) in a power series in y(t) 
(or r(t)), the input correlation, and hence as a function of cos lw,¢ (1=0,1,2,---), 
for the case of narrow-band noise, by virtue of (A2.8) and the resolution of (cos w,/)” 


into harmonics.® The series then becomes 


R(t) = >> Gilt) cos lw.t = > Rid), (A2.10) 


l=0 t=O 


where now R,(/) is the correlation of the /th harmonic zone generated in the output. The 
spectrum of these bands follows at once from (A2.5), showing also that the various 
“resolved” spectra W,(f) are distributed about the harmonics /f, (/=0, 1, 2---). 
Examination of one such region W,(f) shows that here, too as in (A2.6), the mean 
power in any given band is independent of the spectral distribution of the band. 
Further, since the input spectrum enters only through Y(t) and ¥(0) (= the mean 
input power) the mean power in the l-th band 1s also independent of the original spectral 
shape w(f) of the incoming wave. This is, strictly speaking, only practically true, not 
rigorously so, as distortion of the input always spreads its spectrum and thus spectral 
“tails” from one region overlap those of another. This overlapping is quite insignifi 
cant most of the time, as long as the band is narrow, the criterion of narrowness de- 
pending on what is considered a negligible spectral ordinate. 

Appendix III: Special Functions and Integrals. A quantity that appears often in 
our analysis, cf. Secs. 4 or 5, is the confluent hypergeometric function 


ax a(a+1) x (a) nx” 
iF i(a; B; x) 1+ - mittee - (A3.1) 
Bi! p(p+1) 2! (8) ,n! 
where (a), =a(a+1)---(a+n—1), and (a)o>=1, as usual. This function has the 
important property, known as Kummer’s transformation,*' that 
iF (a; B; x) = e7 1F1(B — a; B; — x), (A3.2) 


and it may be shown that the asymptotic development of ,/ takes the form,*” 
r(p ala — B+ 1) 
- % adj of : 
r(g—a) x1! 
a(a + 1)(a — B + 1)(a — B + 2) in } 


x72! 


F(a; 8B; — x) => 
R(x) > 0. (A3.3) 


37 See, for example, Whittaker and Watson, Modern analysis (Cambridge Univ. Press, 1940), Chap- 
ter XVI 
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The expression (A3.3) is useful in determining the limiting forms of spectra and 
power distribution when the root-mean-square noise voltage y'/? is much less than 
either the cut-off voltage bo or the amplitude of the carrier; see Sec. 4. The confluent 
hypergeometric functions of both negative and positive argument may also be ex- 
pressed in terms of the modified Bessel functions of the first kind, for certain com- 
binations of values of a and 8. Examples are given in Appendix II of Bennett’s paper® 


and also in ref. 2. 
Another function of considerable interest is 


d "ii | . 
o')(b) ( 1)°H j(b)e~® /?/(2r)'/?, pmG i, Zs (A3.4) 
dxi W/2nr | os i 


Here the //,;(6) are Hermitian polynomials** of order 7. It is not difficult to show, by 
successive differentiations with respect to b) when »=0, that the ¢-functions may 


be given as the following infinite integrals 


» tT 1/2 2 
| 2?" cos boze¥? /2dz = ( -) (— 1)"Y-"-1/%e- 0/24 Ho, (bo /p'!*) 


m(— 1) pr 1 2G™Qn (by Ap 2) 
> n 1/2 2 
/ 32"-1 sin bose ~¥ 2dz = ( : ) (— 1)" ly —— bo Vo, (bo y! 7 
= x(— 1)" -"G2"-(by/p"), n= 0,1,2,+°°, (A3.5) 


and in this connection 
1 2 2 es 
db 9 (bo /p'!?) e 0/24 Hs (bo/p'!?) = 40(bo/v 2p), where O(x) = — f evdy 
\/2r Vado 


is the familiar error function, tabulated, for example, in Jahnke and Emde and in 
Pierce’s Tables. Tables of ¢™ for n=0, - ++, 6 are given in T. C. Fry’s Probability 
and its engineering uses (D. Van Nostrand, 1928, pp. 456, 457). Additional values 
may be obtained from the recurrence relation 

b'"t (db) — {bp(™(b) + ng (0) f, 0 =0,1,2,--:. (A3.6) 
We may also express ¢™ in terms of the confluent hypergeometric function 
iFi(a;8;—x). To do this we need Hankel’s exponential integral® 


ides — ri(v + p)/2 1\’ v+u a’ 
[ s(as)ete-**Hds = ste G )n(? hy es :) 
. 2q'T(v + 1) \2q 4q? 


R(u + v) > 0, larg q| < 4/4, (A3.7) 


ht 


which is readily established by expanding the Bessel function and integrating term- 
wise with help of the '-function. Since 


etibor = (bys /2)'/2{ J_1/0(bos) + iJ 1/2(boz) }, (A3.8) 


38 W. Kapteyn, Proc. Royal Acad. Amster. 16, 1191 (1914), and G. Szegé, Amer. Math. Soc. Colloq. 


Pub. 23, 101-104 (1939), 
°° Reference 21, 13.3. 
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it follows at once for (A3.6) when this is substituted into (A3.7) that 


siniaiows (= 1)"@2n)! “ 1 1 “ ) 
0 sf ia — ry ; _- 4 


2" \(2x)*!* 2 2 2p 
and (A3.9) 
( 1)"(2n)! do 2n+ 1 3 bo | 
d'2"-) (by y! *) ri ;. ; ), 
2"n'(2r)t/? pti? 2 2 2y | 


We notice also from (A3.1), (A3.4), and (A3.9) that the Hermitian polynomials may 


be written 


(— 1)"(2n)! 1 b? 
H»,(b) i(. Nn; ; : 
2"! 2 2 
( 1)"*+"(2n)! 3 b? 
Ho, _1(b) b,F,t 1 Nn; : } gpm 0 1,2,°°*. CAS. 30) 
2"! 2 2 


From these results it is evident that 


(— 1)"(2n)! 
o°"(Q) = H on,(O)/(29)!/?; 
2"n!(2r)!/? (A3.11) 


(2x) */27p2"- (0) — Hoy» s(O) = 0. 


Now in the theory of the yvth-law non linear device, when v( >0) is not necessarily 
an integer, the integrand of the fundamentals integrals (2.20) contains a branch 
point at the origin, rather than a simple pole when + is integral. Accordingly, results 
like (A3.5) and (A3.7) must be extended to include these more general cases. The 
first integral to be established is 


- tre #ts 
I= fe org? "ds = — = ic-*T\(u)e-™* sin wu, | argc! < w/4, (A3.12) 
JC c#*T'(1 — p) 

where the contour C is the usual one of Eq. (1.8), extending from — ~ to + ~ along 
the real axis and is indented downward in an infinitesimal semi-circle about z=0. 
Here the argument of z is zero on the positive portion of C and is —7z on the negative 
part. In the neighborhood of the origin the contribution over the semicircle vanishes 
in the limit, provided that for the moment we require R(u) >0. Then we may set 
z=e"t, OStS ~, 2<0; z=, z>0, so that finally 


I,=(1-e ony f {le dy = (1 — e7?™*)P(u)/2c% = wie ™'/c*T(1 — pw), 


R(x) > 0, |argc| < 9/4. (A3.13) 


Now /;,(u) is certainly analytic for all values of u, and therefore by analytic continua- 
tion we may extend the domain of J; to include all values of uw for which J;(y) is finite. 
This removes the restriction R(u) >0 and gives us (A3.12). 
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The generalization of (A3.7) follows from (A3.12). We have only to expand the 
Bessel function to obtain 


ne 1 v “ 1 2 a 1 n ia 
I [= l) (az)e-* * dz = (- ) y a — = fe ——— (A3.14) 
Jc 2 nao NIT(v+n+ 1)Jc 


termwise integration being allowed because of the absolute convergence of J,(az). 
Application of (A3.12) with the aid of 


y v M vty / =") 
{1 - _ —— eee (= tt 
( . 2 4 ( 2 )/ } ( 2 in 


gives us finally 
mi'-’-#(a/2q)’ uty a’ 
. -.. es nA ; i+s; - =) 
gl + rll — @ + 4)/2] 2 4q? 
larg q| < 2/4. (A3.15) 


Equation (A3.15) enables us to evaluate the generalized version of (A3.5), namely, 
I; = Jf sere fede, arg c| < 4/4. (A3.16) 
c 


Phe substitution of (A3.8) for et and application of J: gives 


ri j. (¥ + 1 1 . , # 1—p 
I pr Fa ) ; ) _ = Ss /\ ) 
+ 2 3 / 
+ 2a w(" ae ee _ — e)/ r(- =), (A3.17) 


where x =bo/2c and |arg. c| <m/4, for convergence at infinity. Note that only when 
uw is an integer can I; be expressed as a ¢-function, cf., Eq. (A3.9). 

In the limit of vanishing noise voltage, ¥y—0, or infinite signal or bias and finite 
noise power, it is necessary to extend the Weber-Schafheitlin integral and evaluate 


I, = [1 (as).1o(be)ds 27, (A3.18) 
Jc 
Again, as in the case of the generalized ['-function, Eq. (A3.12), analytic continua- 
tion can be used in precisely similar fashion to give us finally* 


ret 8-7) 1°68 oF [a+ B—7+1), (B—y—a+1); B+1; 6°/a*] 


lh= : . —_—__—___— - . —, 0sbsSa, (A3.19) 
27-1a +1 (B+ 1)P[(1+y—a—B)/2]P[(1+y+a—8)/2] 


subject only to the restrictions that R(y) >0. The function 2F; has two useful proper- 
ties, needed in the present work, which we list below: 


‘0 Reference 21, Sec. 13.4 gives the value of Jt Ja(az) Jg(bz)dz /2, 
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(vy) ly — a — B) R(y) #0, — 1, ~— 2,->: 


A3.20a) 
r(y—a)F(y-B) R(y—a—8)#0,-1,-2,:--, 


oF (a, B; 7; 1) 


and 
oF (a, Bi ¥; x) = (A — x) 28 oF ily — B, y — a; 7; *). (A3.20b) 


(See Chapter XIV of reference 37 for a general treatment.) 
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A NEW DERIVATION OF THE METHOD OF CHARACTERISTICS 
FOR AXIALLY SYMMETRICAL SUPERSONIC FLOW* 


By ANDREW VAZSONYI (North American Aviation, Inc.) 


The flow of supersonic fluids can be studied theoretically with the aid of the so- 
called method of characteristics. This method is well known for two-dimensional flows! 
and was extended recently to axially symmetrical flows.? The basis of this method 


Ae 
w+ gnom) en 














Fic. 1 


is a differential equation [Eq. (17) of this paper] expressing the change in the magni- 
tude and the direction of the velocity vector along a Mach wave. The purpose of this 
note is to give a simple derivation of this equation. Two-dimensional flows and irrota- 
tional flows can be obtained by specializing Eq. (17). 

1. Bernoulli’s equation. If V denotes the velocity, p the pressure, p the density, 
and s the arc length of the stream line, Bernoulli’s equation can be written in the form 


V—_+— — = 0. 1 
Os p Os (1) 


* Received June 18, 1947. 

1 Cf. H. W. Liepman and A. E. Puckett, Introduction to aerodynamics of a compressible fluid, John 
Wiley & Sons, Inc., 1947, pp. 210-232. 

2 Cf. R. Sauer, Theoretische Einfiihrung in die Gasdynamik, Springer, Berlin, 1943; reprinted by J. 
W. Edwards, Ann Arbor, 1945, pp. 137-144. 
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Introducing the velocity of sound defined by 


d 
= e (2) 
dp 
we may write this as follows: 
AV 1 0d 
pos ages e: (3) 
Os p Os 
STREAMLINE 


24n As=As (28) an 





Fic. 2 


2. The expression for the rotation. The rotation can be obtained with the aid 
of Fig. 1 as follows. The circulation around the small element is given by 


OV 
T= 2wAnAs = (v + oy an) (R + An)Ad — VRAO. (4) 
n 
Thus, 
OV 00 
—_ — V— = — dw (5) 
on Os 


where R is the radius of curvature of the streamline. 
3. The continuity equation. This can be written as 


2arVpAn = const, (6) 
where the factor 27r enter when the flow is axially symmetrical. By logarithmic dif- 
ferentiation of Eq. (6) we obtain 

1 dp 1 oV 1 odAn _ sin®@ 


— —+— — ——=0, (7) 


p Os Vas An os r 





where 
or . . 
— = sin @ (8) 
Os 


was used. (For two-dimensional flows r= «.) From Eq. (3) it follows that 
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1 dp 1 aV V*\ 1 OV 1 AV 
—— + — — = [ 1 — — |} — — = (1 — 0) — (9) 
p Os Vos a’*y7V_ as Vi as 
where M is the Mach number. From Fig. 2 it can be seen that 
1 odAn 06 
comes aaah (10) 
An Os on 
From Egs. (7), (9), and (10) follows finally that* 
1 oV 06s sin 8 
(M? — 1) -—~—-—-—-=0. (11) 
Vas on r 


4. Let us compute the infinitesimal change in V and @ when moving from point A 
to point B on Fig. 3. Obviously, 








Fic. 3 
OV ol OV OV. 

AV = —- As + — An = | — cosa + — sina }Ao (12) 
Os on Os on 

and 

06 06 06 06 : 

Aé = As + An = |— cosa + — sin a JAo. (13) 
Os On Os on 


Using Eqs. (5) and (11), we may transform the last equation into 


1 cosa OV sin’ a OV. 
A@ = — ——| (M? — 1) — —+— sina Ag 
V sine Os cosa on 


2w COs a sin 6 sin a 
a Seen, ” 


r 


Finally from Eqs. (12) and (14) it follows that 


3 A similar equation for two dimensional flows is found in T. von Kaérman, Compressibility effects in 
aerodynamics, J. Aero. Sci. 8, 337-356 (1941). 
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OV OV 
(M? — 1)- tan’a- cos a + — sina 
AV Os On 
Aé = cota —— —— 
V OV OV. 
cos a + —~sina 
Os on 
2w COS a sin @ sin a 
+( — - ae. (15) 
J r 


5. The basic equation of the method of characteristics. This follows immediately 
from Eq. (15). In this case the angle a equals the Mach angle or 
1 


tana = (16) 
VM? —1 


Fic. 4 


and so Eq. (15) simplifies to 


AV 2wcosa sin@sina : 

Ma -—ota {| —— - ————— Fie. (17) 
J J r 

Thus, it is seen, that moving along characteristics involves an enormous simplifica- 

tion of the differential equations. In the case of two-dimensional, irrotational motion, 


w=0, r= and Eq. (17) reduces to the well-known relation 


AV 
A6 = TT cot a. (18) 


! 
6. The expression for the rotation. This is needed when the motion is rotational. 
It is shown‘ that w is related to the rate of change of the entropy S normal to the 


streamline: 


* Cf. A Vazsonyi, On rotational gas flows, Quart. Appl. Math. 3, 29-37 (1945). 
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p os 

ee en (19) 
RpV on 

where S is the specific entropy and R is the gas constant. It can a!so be expressed 


simply in terms of the gradient of the total pressure pt as follows: 


p Opt 


—- 20 
Pip V on ( ) 


2w = 

7. The essence of the method of characteristics is the following. Sup;ose the flow 

is to be determined in the channel of Fig. 4 and the flow is known up to the line 7. 

Select points A and B on line 1. At these points the velocity, the direction of flow, 

etc., is known. Thus characteristics C, and C, can be drawn. Equation (17) used along 

the two different characteristics gives two equations for the velocity and its direction 

at point C. Thus properties of the flow at C can be determined by solving these simul- 

taneous equations. By repeating this process the complete flow field can be computed 
or constructed. 


CONTINUOUS HEATING OF A HOLLOW CYLINDER* 


By G. COMENETZ** (Geophysical Laboratory, Carnegie Institution of Washington) 


1. Introduction. Formulas are given here for the temperatures within the wall 
of an infinitely long hollow cylinder which is supplied with heat through the inner 
surface. The thermal coefficients are assumed constant, the initial temperature of the 
wall is zero, and the outer surface is either maintained at zero or thermally insulated. 
Heat is transmitted at any one time uniformly all over the inner surface, but the 
rate of heat input is permitted to vary with the time, linearly, or at most quad- 
ratically. This, of course, is far from a general mode of variation. However, in an 
application in which a linear or quadratic rate is at least a permissible approximation, 
the formulas will be of value. They have been useful in connection with the heating 
of a gun firing steadily, in which, as the barrel grows hot, the heat input through the 
bore surface decreases nearly enough linearly with the time. Other possible applica- 
tions are to the heating of a tubular furnace, a chimney, or the insulation on a wire 
carrying an electric current. It may not be out of place if the writer remarks that in 
his experience with physics, the occasions on which a first approximation is as much 
as is required are at least as numerous as those where only an exact theory will do. 

The results follow quite directly from formulas given by Carslaw and Jaeger.’ 
Certain slowly convergent infinite series arise in the derivations, however, and the 
main effort below is directed toward summing these series in finite terms. The re- 


* Received April 11, 1947. The information described in this article was obtained under contract 
OEMsr-51 with the Office of Scientific Research and Development, under the supervision of Division One 
of the National Defense Research Committee. 

** Now at Westinghouse Research Laboratories, East Pittsburgh, Pa. 

1H. S. Carslaw and J. G. Jaeger, Some two-dimensional problems in conduction of heat with circular 
symmetry, Proceedings of the London Mathematical Society (2) 46, 361-388 (1939) (referred to below as 


CJ). 
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sults can be looked on as summation formulas for certain infinite series of orthogonal 
Bessel functions, and may have separate interest under that aspect. A generaliza- 
tion of one of Carslaw and Jaeger’s formulas appears in Sec. 3. 

In Sec. 5 we consider briefly the case of a heat input which is not continuous, but 
consists of a succession of discrete pulses occurring at equal intervals of time. Here 
again the gun is an example, for heat from each round is transferred to the barrel 
almost immediately as the round is fired, in a time that is small compared to the 
time between successive rounds, even at the most rapid machine-gun rate of fire. A 
definition, resting on a conjecture, is laid down of “equivalent steady input tempera- 
ture,” and an approximate relation is stated between this and the actual temperature 
produced by the discrete pulses. The considerations of this section relate directly 
only to the case of a semi-infinite solid. They can, however, be used to make initial 
approximations in a problem of heat transfer by uniform pulses across a surface of 
any shape, cylindrical or other, provided the least radius of curvature of the surface 
is large compared to the distance the temperature peak can travel through the 
given material in the time between pulses. 

The writer wishes to thank Mr. Chester Snow, of the National Bureau of Stand- 
ards, for some valuable suggestions, particularly in regard to proofs. 

2. Outer surface at zero, input quadratic in time. Let the initial temperature of 
the hollow cylinder be zero, the outer surface be maintained at temperature zero, 
and heat be supplied across the inner surface, beginning at the initial time ¢=0, at a 
rate which is expressed by a quadratic polynomial in the time: 


g(t) = Co + Cit + Col*, (1) 


where ¢o, ¢; and cz are given constants. The problem is to find the temperature 6 

throughout the wall as a function of the radius 7 and the time #, for aSr<b and ¢t>0. 

Carslaw and Jaeger derived the fellowing formula? for a problem otherwise the 

same, but where the heat input, instead of being given by (1), consists of a single 

pulse of strength B at the initial time, ¢=0, the inner surface being insulated for 
t>0. The temperature @ is thus given by 
aD = 


6 = —— Ye HA,(r), ™ 


2pc s=1 
where pce denotes the specific heat (per unit volume), @ the diffusivity, 


_ BeJi(aBs)C(aBs, 'B,)C (78x, BB.) 





A,(r) ; ; (3) 
J, (aB,) 5 4 Jy (5B) 
8;, Bs, - - - are the successive positive roots* of 
J(bB.) V 1(aB.) oe Y o(b8.)J1(aB,) = 0, (4) 


and 
C(x, v) = Jo(x)Yo(y) — Yo(x)Jo(y). 


Let the temperature produced by the B cal/cm? entering instantaneously at t=0 
2 CJ, p. 385, case (i) with r’ =a and h=0. Their Q is here 27aB/pc. 
* Tabulated in Jahnke-Emde, Table of functions, Dover Publications, New York, 1943, pp. 207-209. 
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be written as Bf(r, t). Then the temperature produced by q(t) cal/cm*sec entering 
continuously beginning at t=0 is given by 


A(t) -{ g(r) f(r, t — r)dr. (5) 


Applying (5) with q(t) expressed by (1) and f(r, #) by the right-hand member of 
(2) divided by B, we find that 


6 = P(r) + 0O(r) + BR(r) — coSi(r, t) + crS2(r, t) — 2coSa(r, 2), (6) 
where 
P(r) = coS1o — ¢1S20 + 202530, | 
QO(r) = cS1o — 2c2S20, t (7) 
R(r) = c2S10, 


ra = ; » 
Sir, )) = bodies > ¢ -a83t4 .(r) /(aBy)?, j = 1, 2, 3, (8) 
2pc s=1 
Sjo = S,(r, 0). (9) 


Now the first three terms of the right-hand member of (6) satisfy all the condi- 
tions imposed on the temperature except the condition that the initial temperature is 
zero; i.e., they satisfy the Fourier equation 


00 0°6 1 06 
=a|{—-+ — (10) 
at or? r or 
and the boundary conditions 
00(a, t) g 
6(b, ¢t) = O, — k— = Co + Cyt + Col’, (11) 
or 


where & denotes the conductivity. It is easy to verify this formally by considering 
large values of ¢ and taking into account that S;(r, ¢) approaches zero as ¢ increases 
indefinitely. It is, therefore, possi»le to obtain P, Q, R in finite terms, as follows. 

Replacing @ in (10) and (11) by P+#Q+#?R and equating like powers of t, we 
find that R(r) is completely determined by the conditions 


(rR’)’ = 0, R(b) = 0, — kR’(a) = ce. (12) 


Then Q(r) is determined by 


2Rr 
(rQ’)’ = ——; Q(b) = 0, — kQ’(a) = G4, (13) 
Qa 
and finally P(r) by 
Qr 
(rP’)’ = —, P(b) = 0, — kP’(a) = ©. (14) 
a 


Entering the resulting expressions for P, Q, R in (7), we derive closed formulas for 
the series Sjo: : 
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a b 
Sio = In ’ (15) 
k r 
—a { b \ 
Seo = [r? ++ aX(1 4+ 2u) | In +r — b*¢ s (16) 
tak \ r J 
ad b 
S30 = yh + 4a°r? + 9a4 — 8a*b? + 8a7u(r? + 3a? 2a%u) | In — 
128a7*k r 
+ [3r2 — 5b? + 8a7(1 + 2y) j(r? — os : (17) 


where np=In (b/a). 


The solution to the problem of this section is therefore piven by formula (6), 
with symbols defined by (7), (15), (16), (17), (8) and (3), and the coefficients 8 
determined from (4). 

Equation (15) may be written as 

= Jx(a8.)C(aBs, bB.)C(rBs, BB.) 2. 6b 
= — = —In—- (18) 
s=1 J,(aBs) — Jq(dBs) -  # 
This is a summation formula for a particular infinite series of Bessel functions. 
Equations (16) and (17) are similar formulas. It may be observed that the terms 
of the series are orthogonal in the interval (a, 6) with respect to the weight function r. 
This is so because the A,(r) in (3) are a set of characteristic functions for a Sturm- 
Liouville problem from which (2) may be derived.‘ 
As x becomes large, 


/ 2 1 
Jo(x) ~ —Vi(x)~ V cos (« _ 1 ). 
Tx 


(19) 
Pe T 
Ji(x) ~ Yo(x) ~ V sin (« = ). 
Tx 


From these well-known approximations, it follows for large s in (3) and (4) that 


B, ~ m(s — $)/(b — a) (20) 
A,(r) ~ 4(b — r)/x?(ar)'/*(b — a)?. (21) 


This makes it clear that the convergence of the series for S;(r, 0) in (8) is like that of 
the reciprocal 2nd, 4th, and 6th powers of the integers, and therefore slow. For this 
reason it was desirable to sum the series in finite terms. 

3. Extension of a formula of Carslaw and Jaeger. Consider a hollow cylinder 
initially at temperature zero. Let B cal/cm? of heat be liberated instantaneously at 
t=0 over a cylindrical surface of radius r’ in the hollow cylinder. Let the heat radi- 
ate to a medium at temperature zero from the inner and outer surfaces, according to 


the conditions 


‘Cf. H. S. Carslaw, Mathematical theory of the conduction of heat, Macmillan, 1921, pp. 127-129. The 
pulse of heat can be treated as a limiting case of an initial temperature which has a constant value 
T from r=a to a+e, and zero from a+e to 6, where e7 remains constants as «—0. 
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06 00 
= hd at r=a, =-—h’0@ at r=b5, (22) 
or or 
where h, h’ are constants not both zero. Then 
xr'B & Bs [Bed 1(aB,) + hJo(aB,) )PF\F(r (r’) 


g= . apt (23 
_ = (h'?-+-8°) [B,J 1(aB,) + hJ o(aB,) }?— (h?-+6°) [B,J1(bB.) — Jo(bB.) |? 


where 
F(x) = Jo(xB.)|— Bs¥ 1(bB.) + h’Vo(bBs)] + Yo(x8.)[B.J1(bB.) — h’Jo(bB.)} (24) 
and 8B, Be, - are the successive positive roots of 
[8.J1(aB.) + hJo(aB.) |[B.Y 1(bB.) — h’Y o(b8,) | 
— [B.J1(bB.) — h’Jo(bB.)|[B.Y1(a8.) + h¥o(aB.) = 0. (25) 


If h and h’ are both zero the term 2r’B/pc(b? —a?) must be added to the right member 
of (23). 

Carslaw and Jaeger® give this formula for the case where h=h’. The more general 
case above, which was derived by their method, would be required if the problem of 
the next section were to be generalized to permit radiation at the outer surface. 

In particular, if the outer surface is thermally insulated, and the heat is liberated 
at the inner surface with that surface thereafter thermally insulated (h=h’ =0, r’ =a), 


then 
eB = P 
= BE, + — ) e*'E,(r), (26) 
pC s=1 
where 
2a : BJ 1(bBs) [Ji (a8.)¥ o(7B.) mF 1(a8,) J o(rB,) | > 
Ey = wes i ern peoets OT 
pc(b? — a?) F°(aB.) — 7°(bB,) 
and f;, Be, - are the successive positive roots® of 
J\(aB,)¥ 1(b8,) — Vi(aB,)Ji(08.) = 0. (28) 
The reduction of (23) to (26) depends on the use of (28) and the identity 
2 
Vo(x)Ji(x) — Vi(x)Jo(x) = —- (29) 
Tx 


4. Outer surface insulated, input linear in time. Let the initial temperature of a 
hollow cylinder be zero, the outer surface be thermally insulated, and heat be sup- 
plied across the inner surface beginning at ¢=0 at a rate linear in the time: 


g(t) = co + eat. (30) 


5 CJ, p. 385, case (iii). They omit the additional term for 4 =h’ =0. It enters because the integrand in 
the inversion formula has a simple pole at the origin with this term as residue. Of course, the term is 


physically necessary. 


6 Tabulated in Jahnke-Emde, loc. cit., pp. 204-206. 
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The problem is to find the subsequent temperature 6(7, ¢). The g is taken as merely 
linear here because the resulting formulas are about as involved as those for a quad- 
ratic g in the problem of Sec. 2. 

As in Sec. 2, we apply (5) with g(t) given by (30) and f(r, t) by the right member 
of (26) divided by B. The result is. 


6 = Eg(cot + dei?) + P(r) + 20(r) — coSi(r, 12) + 1S2(r, 2), (31) 
where 
P(r) = coSio — €1S20, Q(r) = cyS10, (32) 
S,(r, 2 = ~ Ti “bt E(r) / (aB,)’, (33) 
PC s=1 
S jo = S;(r, 0), j = 1, 2. (34) 


Proceeding as before, we recognize that the first three terms of the right member 


of (31) obey (10) with the conditions 


a6(b, 2) a0(a, t) 
= 0, —k = 69 + eit. (35) 
or or 
These lead to the conditions 
Eo 17 
(rQ’)’ = ’ O’(b) = 0, — kO’(a) = 4, (36) 
a 
r 
(rP )’ —= (Eoco + Q), P'(b) == 0), — kP’(a) = (o. (37) 
a 


However, in solving (36) for Q(r) a new difficulty arises, for it develops that one of the 
two boundary conditions is redundant in view of the definition of Eo in (27) and the 
relation pca=k. The consequence is that after full use has been made of (36) and 
(37), a constant of integration remains undetermined in P(r). To fix its value another 
condition is required. We may find one as follows. 

Since the outer surface is insulated, all the heat that has entered the cylinder up 


to any time ¢ is still there, or in symbols, 


t b 
f 2ra(co + cyt)dt = f 2rrpcO(r, t)dr. (38) 
0 a 


Here again, taking ¢ large, we recognize that the relation must hold for the first three 
terms of the right member of (31). Substituting these terms for 0(7, ¢) in (38) and 


using the definition of Eo, we arrive at the conditions 


b b 
f rQdr = 0, f rPdr = 0. (39) 


The first is again redundant, but the second serves to fix the constant in P(r). 
With P and Q thus determined, the Sj) can be found from (32): 


Ep b 
Sio = (0 In + 2r?> + Quy — a*® — 36%), (40) 


oa 


r 
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a 
Seo = )4b°r? In r — v(b? — a? — 4yb*) Inr 
l6ak(b? — a’) 
— dr* — (B®? — a? + 467 In b + 2p)r? 


t v{(a? + 3b?)u + (b? — a*® — 4yb?) Ind — 2u*v | _ i (2a4 + 2a*b? — 7b*)}, (41) 


where v = 2a*b?/(b?—a?). 

The solution of the problem of this section is given by (31), with symbols defined 
by (32), (33), (40), (41), and (27), and the #’s defined by (28). 

Equation (40) may be written 


2. E,(r)/B, = 
s=1 
and similarly for (41). Here again the £,(r) may be shown to be orthogonal in the 


interval (a, b) with respect to the weight function r. In this case a constant function 
is needed to complete the orthogonal set, as appears from the associated Sturm- 


b 
(0 In — + 2r? + 2wv — a? — 30°) (42) 
4r(b? — a’) r 


Liouville problem. 

As before, it can be shown from (19) that the series for S;>o and Seo converge 
slowly, like the reciprocal 2nd and 4th powers of the integers. 

5. Intermittent Heating. Consider a semi-infinite solid of constant thermal coeffi- 
cients, initially at temperature zero, which receives heat through its surface in a 
series of equal pulses of strength B cal/cm?. These are to occur at equal intervals of 
time, with a frequency of m times per second, the first at =0; and the surface is to 
be thermally insulated between pulses. The resulting temperatures have then a 
fluctuating character near the surface, but deeper in the solid the fluctuations become 
damped out, and the temperatures approximate more nearly to what would be pro- 
duced by a continuous constant input of heat through the surface. The constant 
rate of what may be called the “equivalent steady input” is of course nB cal/cm? sec. 
But the best approximation to the fluctuating temperature is obtained by making the 
equivalent steady input begin, not at ¢=0, but at t= —1/2n; that is, half the time 
of a pulse before the first pulse. The last statement is not one that the writer has 
been able to prove, although on the basis of numerical computation he is certain 
that it is at least very nearly true. Physically, the equivalent steady input tempera- 
ture is what an instrument situated at a depth in the solid would report the tempera- 
ture to be, if the instrument were,not quick or sensitive enough to follow the indi- 
vidual fluctuations, but only their average in time. It is thus clear that the concept 
of equivalent steady input may be important in intermittent heating, and it would be 
of interest if the conjecture above could be proved. 

The actual fluctuating temperature and the equivalent steady input temperature 
differ most at the surface of the semi-infinite solid, but there is a simple relation 
between them. It can be shown that at the instant before the (m+1)st pulse, the 


equivalent steady input temperature (input commencing at t= —1/2m) exceeds the 
fluctuating temperature at the surface by almost exactly 
1.46B(n/mxpck)}!? (43) 


after the first three or four pulses. We omit the simple proof, which depends on 
standard semi-infinite solid heating formulas and Euler’s summation formula. The 
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value of this relation is that, together with a steady input calculation, it permits an 
estimate to be made of the base temperature level at the surface, upon which the 
effect of the (m+ 1)st pulse is superimposed. The character of the (m-+1)st tempera- 
ture surge can thus be calculated without the necessity of summing the separate 


effects of the m preceding pulses. 


NOTE ON RAYLEIGH’S METHOD AND 
THE NON-UNIFORM STRUT* 


By H. A. LANG (Cornell University) 


For a strut of the non-uniform flexural rigidity B=EJ(x) under end thrust,' 
Rayleigh’s method consists of estimating the lowest critical load P; by using an as- 
sumed deflection y and computing the expression 


L 
f B(y"’)*dx 
L 
f (y’)2dx 


If P{’ denotes the lowest value of P obtained for an assumed deflection y which 
satisfies the end conditions, it can be proved that P,’ >P,, i.e., Rayleigh’s method 
always leads to an overestimate. 

An equivalent procedure may be based on the relation 


L 
f (v’)*dx 


a (2) 


L/ v2 
f ( : ) dx 
o \B 


Equation (2) is obtained by eliminating y’’ from (1) through use of the governing 
differential equation By’’+Py=0. The lowest critical load obtained from (2) for an 
assumed deflection y is denoted by Py’. 

It is commonly taken for granted that (2) yields (a) an overestimate, and (b) a 
lower value than (1). These statements, however, are not obvious consequences of 
the fact that (1) gives an overestimate and no proof of them seems to have been 
given. A simple proof is presented here, i.e., it is shown that P,’’>P,’>P,. The 
deflection y is expanded in the form y= }\?AwYy(x) where Yy(x) is the deflection 
function corresponding to the mth mode and so satisfies BYy’’+Py Vy =0. Here 
P,, is the nth critical load. The functions Y, are supposed ordered so that ¥; and P; 
correspond to the first mode. 

To simplify the discussion let 


* Received April 10, 1947. 
1 For a detailed discussion see R. V. Southwell, Theory of elasticity, Oxford, 1946, pp. 446-453. 
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P 4. 
ae f [vi }ax. 
0 


The required integrals are then: 


L x L ay? x In L oo 
f (y')'dx = Do In, f ( )ax => —» f B(y")?dx = >> Ply. 
0 1 0 B 1 Py 0 1 


The integrals depend on the relations 


7 L P L (Ya1)(Vy) “ ” ” 
(VYu)(Vn)dx = f > dx = fe B(Yu)(Yn)dx = 0, |m ¥ n| 


L - eS L [yy]? 1 L, 
f B| Yn |*dx = Pw f [Vw ]*dx, f b “| dx = -f [Yn ]?dx, 
0 0 0 B Py 0 


the details of which are presented by R. V. Southwell' when the strut is pinned. 
Other common end conditions are accounted for by imagining the strut as extended 
so that the pinned ends correspond to two adjacent intersections of the centerline of 
the strut with the line of thrust. 

To establish the inequalities, we first write (2) in the form 


fy} igh *** . i+ ia **: 


7 


= i = } bates 
U/Pd + Udibdt s+ et TA PO+- 


Then since P;/Py <1 for each integer N22 the term in brackets exceeds unity and 


so Pi >P,. 
To establish the inequality Pi’’> Py it is sufficient to show that 


sch Haid. ta ie tee + < 
Ii.t+leo+:-:: (11/P1) + (2/P2) +--- 
But this is equivalent to 
I, Tz 7 
[Pili + Poot ---JJ—+—+--- | >(h+ht+-:::]? 
P, Py» 


For each m and m corresponding cross terms are: 


Py Pu 
ImuIn| —+—]| and 2IyIn, (m # n). 
Py Py 


When m=n the terms of form J} which appear on each side of the inequality are 


equal. 
The inequality is established if for each m and n 


Pw Pu 
-+ —I|>2 (m # n), 
Py Py 


but multiplying by P,P, this reduces to (Py —Ps)?>0 and the result follows.* 


2 Professor G. F. Carrier called the author’s attention to the fact that this technique was applied to 
vibration problems in the paper Ueber das Gegenstueck sum Rayleighschen Verfahren der Schwingungslehre 
by K. Hohenemser and W. Prager, Ing.-Arch., 3, 306-310 (1932). 





BOOK REVIEWS 


Six-place tables. By E. S. Allen. McGraw-Hill Book Company, Inc., New York and 
London, 7th ed., 1947. xxiii+232 pp. $2.50. 


In this seventh edition the tables of the natural logarithm, exponential and hyperbolic functions 
have been extended to six places, the argument being given to four, three, and three places, respectively. 


For numbers less than unity Inx+10 is given instead of —Inx as in the previous edition. 
S. PRAGER 


Tables of integrals and other mathematical data. By H. B. Dwight. Macmillan Com- 
pany, New York, 2nd ed., 1947. viii+250 pp. $2.50. 


In this revised edition additional material has been included on various progressions, powers of 
Taylor series, roots ef quadratic equations, square roots of complex quantities, inverse trigonometric func- 
tions, probability integrals, hyperbolic and Bessel functions. New indefinite integrals involving a+ 6x, 
(ax*+bx+c)'/2, sin x, cos x, and Bessel functions have also been added, together with some definite inte- 
grals. Further additions include a table of the normal probability integral and an extension of the bibliog- 


raphy. 
S. PRAGER 


Tables of supersonic flow around cones. By the staff of the Computing Section, Center 
of Analysis, Massachusetts Institute of Technology, Department of Electrical 
Engineering. Under the direction of Zdenek Kopal. Cambridge, Massachusetts, 
1947. xviii+555 pp. $5.00. 

The introduction to this volume is a concise review of the derivation of the ordinary non-linear dif- 
ferential equation defining the supersonic flow of a compressible fluid past a circular cone and a state- 
ment of the relations among the state variables on either side of the shock implied by such a flow. The 
remainder of the book is a tabulation of the numerically obtained solutions of this problem. 

For air (y=1.405), the velocity components and velocity of sound are tabulated against the flow 
direction parameter 6 for cone angles of 5°, 7.5, - ++, 22.5, 25, 30, 35, 40, 45, and 50°. For each cone a 
complete range of wave angles is considered. The increments in 6 vary from 1/4° to 1° for various solutions 
and regions. In general there is five digit accuracy. A less extensive but similar table is presented for 


y =4/3. Several cross tabulations are also included. 
G. F. CARRIER 


Gas dynamics tables for air. By Howard W. Emmons. Dover Publications, Inc., New 
York, 1947. 46 pp. $1.75. 


Dr. Emmons has compiled tables of the most commonly used functions occurring in gas dynamics. 
The quantities tabulated include pressure, velocity, density, stream-tube area, dynamic pressure, tem- 
perature, velocity of sound and Prandtl-Meyer angles, as functions of Mach number over the complete 
range. Similar quantities following a normal shock wave are also tabulated. 

A sample of five hundred of the numbers in these tables was taken to check the computing accuracy, 
and it was found that there were four errors in the fifth published figure and two errors by one unit in the 
fourth figure. It appears then that, in general, the first four figures are accurate. Unpublished tables 
similar to these have been in use by the reviewer for several years and have been found to be of great 
practical utility in performing computations involving the flow of room-temperature air. These tables 


are accordingly highly recommended for the use of aerodynamicists. 
ARTHUR KANTROWITZ 


























